













































































Lovasz Local Lemma

and the

resampling algorithm
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Suppose m 2
clauses

for random assignment Xn 0,13

Pr f x m Xn false

PrTith clause unsatisfied

m I

must be satisfiable

for m 2 union bound not strong enough
















































































Moser 2009
Resampling algorithm for K sat

1 Sample X M X E T F independently uniformlyatrandom

2 while there is an unsatisfied clause C

A re sample each X in C independently uniformly atrandom

3 return Xi m Tn
















































































Resamplingalgorithm for k SAT Moser 2009

1 Sample X M X E T F independentlyuniformlyatrandom

2 while there is an unsatisfied clause C

A resample each X in C independently uniformlyatrandom

3 return Xi m Xn

Theorem Let FG m Xn be a k SAT formula where

each clause intersects at most d other clauses

If de 2
1 then

f is satisfiable

re sampling algo finds satisfying assignment while

resampling each clause at times in expectation
















































































Resamplingalgorithm for K SAT Moser 2009

1 Sample X m Xn T F independently uniformlyatrandom

2 while there is an unsatisfied clause C

a resample each in C independently uniformlyatrandom

3 return Xi Xn

Theorem Let f x m Xn be a K SAT formula where

each clause intersects at most d other clauses

If de 1 then locally verifiable

f is satisfiable 1970 s

resampling algo finds satisfying assignment while

resampling each clause times in expectation
2009
















































































Lordsz Local Lemma K SAT is special case

A m An events e.g Ai ith clause unsatisfied

A Aj Ai and Aj not mutually independent
e.g AirA if ith and jth clause intersect

Q Is it possible for none of A mAn to occur

Is PTA 2
m An 0

YES if A An are independent

NO w no assumptions on dependence
















































































Lovdsz Local Lemma k SAT is special case

A M An events leg Ai ith clauseunsatisfied

A Aj A and Aj not mutually independent
leg Ai Aj if ith andjth clause intersect

Erdos and Lora's 1975

Theorem Suppose I XCA n X An ECO 1 sit

PIA I XCA TI I XIA VA
Aj A
Aj A

Then PEAT M An O
















































































Theorem Suppose A m An ECO 1 sit

P A Ai Tt 1 Aj Ai

Then PEA m An 70

Corollary Suppose each Ai is independent from

all but d other events Aj and PTA p Ai

If ep dt1 1 then PIA m An 70

Proof set Ai Ai
















































































Theorem Suppose I x A m XAnECO1 sit
PIA I xCAiJ

1 Aj t Ai

Then PEAT M An 0

Corollary Suppose each A is independent from
all but d otherevents Aj and PTA Ep t Ai

Resamplingalgorithm for kSAT Moser20097 If epcot1 El then PIE m In 0

1 Sample X M X E T F independentlyuniformlyatrandom

2 while there is an unsatisfied clause C

A resample each X in C independentlyuniformlyatrandom

3 return Xi m Xn

Theorem Let FG m Xn be a k SAT formula where

each clause intersects at most d other clauses

If de 2 1 then

f is satisfiable

resampling algo
findssatisfyingassignmentwhite

resampling each clause at times in expectation
















































































Lova's z Local Lemma variable setting K SAT is special case

A m An events leg Ai ith clauseunsatisfied

A Aj Ai and Aj not mutually independent
e.g Ai Aj if ith and jth clause intersect

Variables X X2 m
e.g x mxnE T F

Each X independent w its own distribution

Each A determined by subset s EV

A Aj Sins
















































































LovaszLocalLemma Y ingMoserTardos 2010 A m An events legAiithclauseunsatisfie
A

I in
Variables V XX2 m legx.mxnek.it
Each X independent w itsown distribi

Each A determinedbysubset s EV
A Aj Sins

Resampling algorithm for general LLL

Sample all variables
independentlyfromtheir

2 respectivedistributions

2 while there is an event A

resample all of 5
independentlyfromtheir

A respectivedistributions
















































































Resampling algorithm forgeneralLLL MoserTardos2010

1 Sample all variables V 4 5 1 7
2 while there is an event A

a resample all of 5 9 11 1 7

Theorem Suppose I x A n X An ECO 1 sit

PIA I

XCADII
1 x Aj t Ai

Aj A

Then PEAT M An 0 and the

resamplingalgo finds a configuration of V

inducing AT An while resampling each

A at most Y.chy
times in expectation
















































































Resamplingalgorithm forgeneralLLL MoserTardos20

Proof 1 Sample all variables in he

2 while there is an event A
a

very subtle coupling argument
a resample all of s

Theorem Suppose A m AnECO1 s
PEA Ai 1 XA Ai

need to introduce Then PIA m An 0 and the
resamplingalgofinds a configuration of

2 log inducing Ai An whileresampling each
Ai at most times inexpectation

2 witness trees
















































































C Resampling algorithm forgeneralLLL MoserTardos2010

The log 1 Sample all variables
in

2 while there is an event A

Records resumpled a resample all of s

events in chronological

Ai Ay All A 1

want to bound ET log
















































































Witness trees

Def rooted tree w nodes labeled by events
labels can repeat

All

At Al

As
















































































Witness trees

Def rooted tree w nodes labeled by events
labels can repeat

As

A As

As Aa

Ai
















































































Mapping prefixes of the log witness trees

Suppose first i events are Air Air m Aii A

Make root w label Aii
For j i 1 i 2 I

IS Aij Ak for some label Ais in the tree

pick such a node N of max depth
make a new child of N w label Ai
















































































Suppose first i events are Ai Ai m Aii
Make root w label Aii
For j i 1 i 2 I

IS Aij Ak for some label Ak in the tree
pick such a node N of max depth
make a new child of N w label Ai

x Vxz̅Vxy

Log xz̅ 73 x VxyVxs
x VXzVX3 XzVxg̅Vx6 x2 x8̅ Xa f
x VxyVxs xz̅ 73 x Vxz̅Vxy xzVxs̅Vx6

x VX2VX3
















































































Suppose first i events are Ai Ai m Aii
Make root w label Aii
For j i 1 i 2 I

IS Aij Ak for some label Ak in the tree
pick such a node N of max depth
make a new child of N w label Ai

x Vxz̅Vx4

Log xz̅ 73 xVXyVxs
x VXzVX3 XzVxg̅Vx6 x2 x8̅ Xa p
x VxyVxs xz̅ 73 x Vxz̅Vxy

XzVxs̅Vx6

x VX2VX3
















































































Suppose first i events are Ai Ai m Aii Log
xVXzVX3 XzVxg̅Vx6 X2 X XaMake root w label Aii
x VxyVxs xz̅73,76 x Vxz̅Vxy

For j i 1 i 2 I

IS Ai Ak for some label Ais in the tree x Vxz̅Vxy
pick such a node N of max depth
make a new child of N w label Ai x ̅2,73 6 xV Vxs

1
XzVxs̅Vx6

Observation for later
x VX2VX3

Let Te witness tree for Ai Aie
iSuppose jsk and Aij Aik Ai

if Ai is a node in Te then so is Ai

and depth Ai depth Aik Ai
















































































ResamplingalgorithmforgeneralLLLMoserTardoFx Ai 1 Sample allvariables in Iii
2 whilethere is an event AGoal bound tf times A resampled a resampleall of si

TheoremSuppose A m AnECO1 s
PEA Ai 1 XA Ai

let W all witness trees w root Ai Then PEAT mAn 0 and the
resamplingalgofindsa configuration of
inducing Ai Anwhileresampling eacfor j l 2 m let T be witness tree Ai at most timesinexpectation

Mappingprefixesofthelog witnesstrees

for the first j entries of the log supposefirst ievents are Ai Ai Aii
Makeroot w label Aii
For j i 1 i 2 1

or if loghas jentries IS Ai AkforsomelabelAisinthe
picksuch anodeN of maxdepth
makea newchildof N w label

I times A E times A I a

resampled appears in log
avian

x ̅ 73 6 x Vg

XaviVx6
0 1 xVx 3

ΣΣPr I T
j 1 TEN
















































































ResamplingalgorithmforgeneralLLLMoserTard

let W all witness trees w root Ai 1 sample allvariables in

2 whilethere is an event A
a resampleall of 5 link itfor j 1 2 m let Tj be witness tree

TheoremSuppose A m AnECO1 s
PEA Ai 1 XA Ai

for the first j entries of the log Then PTAmAn 0 and the
resamplingalgofindsa configuration of V

or if loghas entries inducing Ai Anwhileresampling eac
A at most timesinexpectation

Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m Aitimes Ai E times A Makeroot w label AiiE

appears in log
For it.in I
ISAij AkforsomelabelAisintheresampled
mi esuachneawnodednfostmdxtadep.tn

O

Σ Σ Pr 1j T i
xVxz̅Vx4

j 1 TEW x ̅ x3 x Vas

xVisvx

Lemmalet j k indexdiff entries inlog Σ Pr Tj T for some win
then I TK

TEW
















































































ResamplingalgorithmforgeneralLLLMoserTard

let W all witness trees w root A 1 sample all variables in

2 whilethere is an event A
a resampleallof s linkfor j 1 2 m let Tj be witness tree for

TheoremSuppose A m AnECO1 s
PEA Ai 1 XA Aihe first j entries of the log or if loghas sentries then p A mAn 0 and the

resamplingalgofindsa configuration of
inducing Ai Anwhileresampling eac
A at most timesinexpectationI times Ai Pr Tj T for someΣresampled Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m AiTEN Makeroot w label Aii
For j i 1 i 2 1
IS Ai AkforsomelabelAisinthe

de d
makea newchildof N w label

i
xVxz̅Vx4

Pr IT for some j
cxixs.to lavians

xzVxVx6

xVx 3
















































































ResamplingalgorithmforgeneralLLLMoserTard

let p T IT P A 1 Sample allvariables in

194h I 2 whilethere is an event A
a resampleall of 5 link Iii

TheoremSuppose A m AnECO1 s

Lemma Pr IT for some j P T
PEAK CA AD Ai

Then PEAT mAn 0 and the
resamplingalgofinds a configuration of
inducing Ai Anwhileresampling eac
A at most timesinexpectation

700 introduce checking procedure mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii
For j i 1 i 2 1
ISAij AkforsomelabelAisinthe
picksuch anodeN of maxdepthc T
makea newchildof N w label

for each event Ai in T in deer depth i alabel leaffirstrootlast
xVxz̅Vx4

Sample variables in Sij If the sample cxixixacaix.ve

XaviVx6does not induce Aij then return FAIL
xVx 3

return SUCCESS
















































































ResamplingalgorithmforgeneralLLLMoserTardLemma Pr Tj T
for

PCT TI PIAsome J 1 Sample all variables V in

2 whilethere is an event A1 4 I a resampleallof 5 int Iii
Theorem Suppose A m AnECO1 s

k T PEA Ai It XAD Ai

for each ey.ee AijinTindeff dEpth Then PEAT mAn 0 and the
resamplingalgofindsa configuration of

Samplevariables in Sij If thesample inducing Ai Anwhileresampling eac
does not induce Aij then return FAIL Ai at most timesinexpectation

Mappingprefixesofthelog witnesstreesreturn SUCCESS
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii
For j i 1 i 2 1
ISAij AkforsomelabelAisinthe
picksuch anodeN of maxdepth

or check T succeeds P T TI P A make a new child.sn w label

14 I a
xVxz̅Vx4

x ̅ 73 x Vg

claim Pr Tj T mej Pr check T succeeds
and
xVx x3










































ResamplingalgorithmforgeneralLLLMoserTard

claim Pr Tj T sffe j Pr Check
T

1 sample allvariables V4succeeds 2 whilethere is an event A
a resampleall of 5 Iiia

Imagine generating all repeated Samples Theorem suppose xcai.n.xcaneco.IS
PEA Ai 1 XA Ai

for all variables ahead of time I p initiation.su

saffle saffle stifle ftp.ie 5th 6th 7th inducing Ai whileresampling eac

A at most timesinexpectation

Mappingprefixesofthelog witnesstreesD xp X X X supposefirst ievents are AirAir m Aii
Makeroot w label Aii
For j i 1 i 2 1

2 X2 X X X2 X Xl X2 m IS Ai AKforsomelabelAisinthe
picksuch anodeN of maxdepth
makea newchildof N w label

X X X Xi X X Xi m

i
xVxz̅Vx4

x ̅ 73 6 x Vg

xVisvx

we run resamplingalgo and xVx 3

check T using same samples checkI
for eacheyeff Ai in T in dekfi.r.de th

claim if log induces T Samplevariables inSig If thesample
does not induce Aij then return FAthen check T succeed return success



e run resamplingalgo and safflesafflestifle slathie 5th 6th 7th Resamplingalgorithmcorgeneralusimosertard

Check T using same samples X X x x x m 1 Sample all variables
2 whilethere is an event A

X2 X x x x x x x m

claim if log induces T
a resampleallof S

3 X X X Xi X X X m
TheoremSuppose A m AnECO1 sthen check T succeeds PEA Ai 1 XA Ai

Then PTA mAn 0 and the
resamplingalgofindsa configuration of

each Aij maps to sample of Sig inducing Ai whileresampling eac

A at most timesinexpectation

inducing Aij before resamplingA Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii
For j i 1 i 2 1
ISAij AkforsomelabelAisinthesay log Air Air Ais
makea newchildof Nw label
picksuch anodeN of maxdepth

say T has labels Aj Aj Aj in deer depth i ciiEi
xVXVxy

x ̅ 73 6 x Vas

we need each Ajk to use cares'vx

xVx x3
sample of Sj inducing Aj checkI

For eachegyptAij in T in deff.irEPth
Samplevariables inSij If thesample
does not induce Aij then return FA
return SUCCESS



e run resamplingalgo and saffleSimplestifle shuttle 5th 6th 7th Resamplingalgorithm orgeneralasimosertard

Check T using same samples X X x x x m 1 Sample all variables
2 whilethere is an event A

X2 X x x x x x x m
a resampleall of s link

claim if log induces T 3 X X X Xi X X X TheoremSuppose A m AnECO1 sthen check T succeeds PEA Ai 1 XA Ai

ThenPTAmAn 0 and the
resamplingalgofindsa configuration ofFix node N in T w label Ai inducing Ai whileresampling eac

A at most timesinexpectation

CORRESPONDING to entry Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii
For j i 1 i 2 1for XjES E uses sample where Is Ai AkforsomelabelAs inthetI picksuch anodeN of maxdepth
makea newchildof N w label

h entries before and including E i
w event using Xj caravan

x ̅ 73 x Vg

XaviVx6

xVx x3

checkI
For eacheyegtAij in T in deff.irEPth
Samplevariables inSij If thesample
does not induce Aij then return FA
return SUCCESS



Recall
Suppose first i events are Ai Ai m Aii Log

xVXzVX3 XzVxg̅Vx6 X2 X XaMake root w label Aii
x VxyVxs xz̅73,76 x Vxz̅Vxy

For j i 1 i 2 I

IS Ai Ak for some label Ais in the tree xVxz̅Vxy
pick such a node N of max depth
make a new child of N w label Ai x2̅,73 6 xVXyVxs

1
XzVxs̅Vx6

Observation for later
xVX2VX3

Let Te witness tree for Ai Aie
iSuppose jsk and Aij Aik Ai

if Ai is a node in Te then so is Aij
and Ai has greater depth than Aik Ai



e run resamplingalgo and saffleSimplestifle slathie 5th 6th 7th ResamplingalgorithmcorgeneralusimoserTard

Check T using same samples X X x x m 1 Sample all variables
2 whilethere is an event A

X2 X x x x x x x m

claim if log induces T
a resampleallof S in

3 X X X Xi X X X TheoremSuppose A m AnECO1 sthen check T succeeds PEA Ai 1 XA Ai

Then PTA mAn 0 and the
resamplingalgofindsa configuration ofFix node N in T w label Aj inducing Ai whileresampling eac

A at most timesinexpectation

CORRESPONDING to entry Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii

for XjESi E uses sample Xjh where For it.in is

h entries before and including E
make a newchildof N w label

i
w event using Xj caravan

x ̅ 73 6 x Vg

XaviVx6

Observation so does Nl auxin

checkI
for eacheyeff Ai in T in dekf.irEPthcheck T passes N's iteration Samplevariables inSij If thesample
does not induce Aij then return FA
return SUCCESS



ResamplingalgorithmforgeneralLLLMoserTard

claim Pr Tj T sffe j Pr Check
T

1 sample all variables V4succeeds 2 whilethere is an event A
a resampleall of 5 IE h

Imagine generating all repeated Samples Theorem suppose xcai.n.xcaneco.IS
PEA CAN 1 XA Ai

for all variables ahead of time I p initiation.su

saffle saffle stifle ftp.ie 5th 6th 7th inducing Ai whileresampling eac

A at most timesinexpectation

Mappingprefixesofthelog witnesstreesD xp X X X supposefirst ievents are AirAir m Aii
Makeroot w label Aii
For j it i 2 1

2 X2 X X X2 X X2 m IS Ai AKforsomelabelAisinthe
picksuch anodeN of maxdepth
makea newchildof N w label

3 X X X Xi X X Xi m

i
xVxz̅Vx4

52,736 x Vas

we run resamplingalgo and
carnival

xV x3

check T using same samples checkI
For eacheyeff Ai in T in dekf.irEPth
Samplevariables inSij If thesampleClaim if log induces T
does not induce Aij then return FA

neeoverallclaim then check T succeeds return success



ResamplingalgorithmforgeneralLLLMoserTardLemma Pr Tj T
for

PCT TI PIAsome J 1 Sample all variables V in

2 whilethere is an event A19
a resampleall of 5 link Iii

TheoremSuppose A m AnECO1 s
k T PEA Ai It XAD Ai

for each ey.ee AijinTindeff dEpth Then PEAT mAn 0 and the
resamplingalgofindsa configuration of

Samplevariables in Sij If thesample inducing Ai Anwhileresampling eac
does not induce Aij then return FAIL Ai at most timesinexpectation

Mappingprefixesofthelog witnesstreesreturn SUCCESS
Supposefirst ievents are Ai Ai m Ai
Makeroot w label Aii
For j i 1 i 2 1
IS Ai AkforsomelabelAisinthe
picksuch anodeN of maxdepth

or check T succeeds P T TI P A makea new child.sn w label

14 I a
xVxz̅Vx4

x ̅ 73 6 x Vg

Klaim Pr T Ts mej Pr check T succeeds
and
xVx 3



ResamplingalgorithmforgeneralLLLMoserTard

let W all witness trees w root A 1 sample all variables in

2 whilethere is an event A
a resampleallof 5 intfor j 1 2 m let Tj be witness tree for

TheoremSuppose A m AnECO1 s
PTA Ai 1 XA Aihe first j entries of the log or if loghas sentries then p A mAn 0 and the

resamplingalgofindsa configuration of V

VE times Ai Σ Pr T for some j
inducing whileresampling eac

A at most timesinexpectation

resampled Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ai m AiTEN Makeroot w label Aii
For j i 1 i 2 1
ISAij AkforsomelabelAisinthe
picksuch anodeN of maxdepth

Pr Tj T me j P T TI P Aj makea new child.sn w label

14 I
xVxz̅Vxy

x ̅ 73 6 x Vg

xVisvxclaim Σ
ixvisTew

P T 1 A

which completes the proof



there

Lemma Ef PCT PCT As
then PE.name and the
resamplingalgofindsa configuration of
inducing AT Anwhileresampling eac
A at most timesinexpectation

Proof Galton Watson trees

Round 1 Create root w label Ai

Round nt1 nodes N created in prev round
w label Aj and each AK Aj create child
of N w label Ak w prob Ais

Fx TEW let g
P produces T A

Aj
1 CAK
Ak



TheoremSuppose A m AnECO1
Lemma PCT PCT As PIAikxcaiy.ES 1txcAidtAi

Then PTA mAn 0 and the
resamplingalgofindsa configuration of
inducing Ai Anwhileresampling eac
A at most timesinexpectationFix TEW let 9T

P
round 1 create root w label Ai

for node N in T let Round nt1 nodes N created in prev rou
w labelAj andeachAK Aj createchit
of N w label Ak w prob Ais

An event labeling N

BN Ak Ak An but no child of An labeled AK
N

9T IT CAN'T
1 AK A

BNAKEBN

I 4 AK
pagan Ak

PCT IA FAN

PCT PLAN I CAN T 1 CA
NET Aj AN

AJIAN



J AN
TheoremSuppose A m AnECO1

A
PEA CAN 1,11XAD Ai

Then PTA mAn 0 and theT T resamplingalgofindsa configuration of
inducing Ai Anwhileresampling eac
A at most timesinexpectation

Round1 Create root w label Ai

Σ CT ftp.LGT Roundna nodes in created in prev.nu
w labelAj andeachAK Aj createchil

T of N w label Ak w prob Ais

YEA



TheoremSuppose A m AnECO1
PEA CAN4,11XA AiV9 1

TIX AN T 1 XCA
Then PTA mAn 0 and the

Ai resamplingalgofindsa configuration ofNET Aj AN inducing Ai Anwhileresampling eac
A at most timesinexpectation

Aj AN
Round1 Create root w label Ai
Roundnt1 nodes N created in prev rou
w labelAj andeachAK Aj createchit
of N w label Ak w prob Ais

P T TIP A
4



TheoremSuppose I XCA m XAnEco1
PEA IxCAiJ 1 xAj t Ai

Then PIA MAn 0 and the
resamplingalgofindsa configuration of V

inducing AT Anwhileresampling eac
A at most Yeggtimesinexpectation

Round1 Create root w label Ai
Round htt Anodes N created in prev rou
w labelAj andeachAk Aj createchit
of N w label Ak w prob X AK



Resamplingalgorithmisorgeneralusmosertard

let W all witness Trees w root Ai 2 sample all variables V
2 whilethere is an event A
a resampleallofSi ing 1 7for j 1,2 m let Tj be witness tree for

TheoremSuppose I XCA m XAnEco1 s
PIA I

XCAiyyy.lt
xAj t Aihe first j entries of the log core is loghas sentries Then PEAT M In O and the

resamplingalgofindsa configuration of V

inducing AT Anwhileresampling eac

I Ai at most Yy timesinexpectation

r sampled Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ais m Ai

If times A

yen
Pry T for some 1

Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAxinthet
picksuch anodeN of maxdepth

Pr Tj T
for IE PCT TI PIAsome J labelsA inT

w multiplicity ÉVxzVx3 xVisva x Ign
xVx4Vxs 52,23,46 xVIV

xVIzVx4

52,7346 x Vas

aim
caves've

Tew
PT I

x.VNzVx3

which completes the proof



Resampling algorithm forgeneralLLL MoserTardos2010

1 Sample all variables V49 he's

2 while there is an event A

a resample all of 5 III

Theorem Suppose A m An ECO 1 sit

PTA Ai T 1 Aj Ai
Aj A
Aj A

Then PTA m An 0 and the

resamplingalgo finds a configuration of

inducing Ai In while resampling each

Ai at most times in expectation


