













































































Conductance Mixing Time
















































































Lecture 16

Probability candtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
















































































Lecture 18

Probability candtechniques Algorithms
modelsand
applications

Hitting times Connectivity
in Ollogn spaceCover times

Electrical networks
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Lecture 19

Probability candtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Let R have eigenvalues

Mi I Z Mz 2mn 1

Theorem let 8 1 max uz lunt

IIR x SHE I 8 VIII
as ÉEYn
















































































Lecture 19

Probability candtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Lecture 20

Probability candtechniques Algorithms
modelsand
applications

Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts

Conductance based

mixing time
















































































Sparsest cut

Input undirected graph G V E

edge capacities Cle o for EEE

demands Glu v20 for u EV symmetric

Goal compute SCV minimizing

sparsity
cat few edges

split up many pairs
UES Ves

Scs edges cut bys
















































































Special case uniform sparsest cut

w uniform demands blunt I tu

sparsity

n

useful primitive for graph partitioning divide t conquer
















































































Lecture 10

Probability Alglandtechniques orithms

Specialcaseuniformsparsestcut
w uniformdemands blunt 1 tu

L metric embeddings
nniyyid

sparsest Cat

s

am'htoning

divideconquer

embedverticesoniroasedon

MaxFlow fractional
sparsestcut
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Setup notation

undirected graph G V E

edgeweights w EIR o

for SCV 815 set of edges cut by S

W SCSI weight of edges cut by s

for SCV volts I deger
VES

S VIS
















































































G V E undirected

Conductance edgeweightsw E R

S 5 edgescutby
voles Ifdeger

conductance of 5

for SCV UCS
min costs

conductance of 6

N ÉÉ
















































































guff

Sparsity
WCSCS

m 1513 min costs

not vote 1

highmedium low

1 med 4high 2 highsand medsparsity 2 2 low 10 low low

n 1.5 low 172 me A
conductance

is med I lowhigh
















































































Rank I matrix

Laplacian of a v where aver
x Cady Ex u Yy
Laplacian of e u u

G YE W edge weights WERE le can man 2d ER
1410,13indicatorvectorto

x Lex xu xu

L wcelle
EEE

x Lx Ence xu xu
EEE
e u u

let D diag d where der are degrees
















































































G IVE undirected

edgeweightsw E R

also D A sisi edgescu.tk
voles f deger

e UV Yes min É cs

4167 of v45
Le In Iv Iu Iv Laplacian of

Ercole
4 11 7 file Xu

D diagdegrees
















































































G V E undirected

edgeweightsWEIR
if rolls Evolls 81ST edgescut b

voles Ejdeger
MS min ÉÉvoksMs Y ISIS

4167 05 Ms

Laplacian of
L ÉwCelledefine normalized tap ad

pediagldegrees

X Lx EEowle Xu X

M p Lj's

XEIR maximin LXLX over11 11 1

1
for y pig

lemma Lem symmetric

Lx mx for Max Lx
Spectral theorem LER symmetr
L X v Quit tan noun
where Xi m AnEIR

Y m Vn orthonormalbasis
















































































Bank I matrix
Normalized random walk matrix a v where aver

x Cady Ex u Yy
Lemma LER symmetric

D ARD p A p
Ya

XEIR maximizes LXLX over1111
Lx mx for Mex Lx

Spectral theorem LEIR symmet
D diag d w d degrees A adjacency matrix 1 2 count tan lunar

where
Isu honormalbasR A D random walk matrix

Theorem G CVE undirected w E IR
then R hasstationarydistr SeDr W

Sv YEH degli owletWEEweeQ is symmetric Lemma let A C BC
A and B have same eigenvalue

Q has same eigenvalues as R Cmaps eigenvectors of A
toeigenvetorsof B

YOU Malva a t tun Vn Un
W Mil ZMa Mn

alsoeigenvalues of R

t t
















































































Rank I matrix
Q É ftMz v20 t tun Vn Un U V where u VER

Lx Cady Ex u Yy
w Mil ZMz Mn

Lemma LER symmetricalsoeigenvalues of R xEIR maximizes LXLX over1111
Lx mx for Max Lx

Spectral theorem LEIR symmet
L X vQuit tanCvn V
where Xi m AnEIR

Y M Vn orthonormalbas
Theorem let 8 1 Max M h

theorem Gcv e undirected w

then R hasstationarydistr SEDv w
1113 x SHE CI 2 VIII Sv GIL degas owletWEEwee

stationary
distribution Lemma let A C BC

A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized random walkmatrix

DARD p A j's
D diagd w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R
















































































G V E undirected

edgeweightsw EIRnormalized Laplacian M D Lj's
SCS edgescutbe

voles EjdegasNormalized random walk matrix
MS min ÉÉvoks

D ARD p YA y't 4167 0 5 Ms
D diagd w d degrees A adjacency matrix Laplacian of

R AD random walk matrix L Éw e le
X LX IEgWCe Xu x
D diagdegrees

µ D
1 2 p't L D A

Lemma LER symmetric

I D
1 2
D A Jk xer maximin Lx Lx over11 11 1

Lx mx for Max Lx
Spectral theorem LER symmetr

I Q 5K I R 1 2 Gaunt tancunoun
where X m AnEIR

Y m Vn orthonormalbasis

if rolls volts

Ms Y I
















































































G V E undirected

edgeweightsWEIRnormalized Laplacian M D Lj's
SCS edgescut b

voles Ejdegas
M I Q D I B D MS min ÉÉvoks

4167 0 5 Ms

Theorem M has same eigenvalues Laplacian of
L ÉwCelleas I R
LX LX IEgWCe Xu x
D diagdegrees

7 for M X 1 For R L D A
eigenvalue eigenvalue Lemma LER symmetric

XEIR maximin LXLX over11 11 1
Lx mx for Max Lx

X for R 1 X for M spectral theorem LER symmetr

eigenvalue eigenvalue 1 7 vQuit tanwnoun
where Xi m AnEIR

Y m Vn orthonormalbasis

e.g Smallest eigenvalue of
M is it rolls evolis

Mst I
















































































MS min ÉÉvoksCheeger's inequality
4167 05 Ms

let 72 2nd smallest eigenvalue of M Laplacian of
L ÉwCellethen

FENG V27 X LX IEgWCe Xu x
D diagdegrees
L D A
normalized Laplacian
M p Lj's

Normalizedrandomwalkmatr
DARD p Aj's

Connects combinatorial properties
Ddiag'd w ddegrees A adj
R AD randomwalkmatrix

Theorem M has sam
of 6 w algebraic properties eigenvalues as I R

X forM X 1 for R
eigenvalue eigenvalue

X forR I X forM
eigenvalue eigenvalue
















































































2
1

Theorem M has same

Theorem let 8 1 max uz lunt eigenvalues as I R

X for M X 1 for RIIR x SHE CI 8 VIII eigenvalue eigenvalue
as ÉEYn

X for R I X for M12Mz 2mn eigenvalues of R eigenvalue eigenvalue

3

Cheeger's inequality

IN G V27
72 2nd smallest eigenvalue of M
















































































Theorem let 8 1 max us unl
let Y Y G VIII
Lemma if Mz Mnl then 12m22 mn eigenvaluesofR

Theorem M has same
eigenvalues as I R1111 11 e 44 I e.ge
aiueforM

e.geIueforRdsFIIIneigekalufrR e
for M

Droof Cheeger's inequality

YG V2x ̅
11kt 511 Mz Tt 72 2ndsmafeigenvalue.fm

1 25 w̅
4 124 I
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Theorem let 8 1 max uz lunt
let 4 416 IIR x SHE I 8 VIII

ÉEYn

Iemma if Mz Mnl Then ma ma eigenvaluesofR

Theorem M has same
eigenvalues as I RRtx SHE e

t 4455nF 7 forM X 1 for R
eigenvalue eigenvalue

dissÉE n X for R I X for M
eigenvalue eigenvalue

Cheeger's inequalityQ what if Mz stunt
IN G V27

72 2ndsmallesteigenvalue of M

Or how to force Mn away from 1
















































































Lazy random walls

stay at same vertex

w prob I
take random step

let Selo IT be lazy random walk matrix

5 II ER

Note S has same stationary distribution as 13
















































































Theorem let 8 1 max us unl
let Y Y G

I VIII
Theorem 12m22 2mn eigenvaluesof R

Theorem M has same
115 511 e

4
eigenvalues as I R

aÉÉ n e.ge
aineforM ef.de for R

e.geainfrR f ueforM
roof

µ Mrs Cheeger's inequality

YG Vax ̅
112 12 Mnt O 72 2ndsmallesteigenvalue of M

S It R
















































































NCS minIESvoks
Cheeger's inequality

4167 645 Ms

let 72 2nd smallest eigenvalue of M Laplacian of

then Egewcelle
X Lx IEWCe Xu x
D diagdegrees
L D A

ÉÉ

6 EVER
m p'd

normalized Laplacian

Tgorithmicrestof class

connects combinatorial properties
of 6 w algebraic properties
















































































Le t.ii.in Iv Clu Ir
Y G 2T ear

x Lex

high level ideas xu xu Ca Xy

M 7 O v v 7 v v2 t t Antun Vn

Y Vn orthonormal 7 0 7 an

Theorem M has sameV eigenvector for eigenvalue 1 of R eigenvalues as I R
eigenvalue M

e
for R

VI 41 d
e

forM

X v2 Mv min s.t.ly V70

M 5122512
min sit 4,0 0

54
X
















































































M X 0 you t Xaver t t Antunaun

6 I X2 V eigenvector for eigenvalue 1 of R greenMetsiiiVIKI d

high level ideas

Az Lv Mv min M sit Sy VI 7 0

min Y
sit ix d o

goal convert Tt SEV sit

Yesss YEE Vas
how
















































































Recall

let y E R o be a minimum embed vertices on IR based on

2 2 2 fractional
distance from s w r t lengths y

g
I

I 3 1.1 4 cut
i

2
0.1 2 64 all s t pathshave length 21 bc of LP

pick E 0,1 uniformly at random

output the cut at

t.IE

irETio0 1.2.3.4
















































































M 7 O v v t 7 v v2 t t Anknown
Y Vnorthonormal 7 0 7

µ G 272 n eigenvector for eigenvalues of
ifVI L1d

high level ideas

72 42 Mv min sit 4,07 0

claim if 4,17 0 line embedding of x induces

cuts s.t.MS 2845
















































































et deger total volume Yes min É is

4167 0 US

Lemma let XEREos.t.ro support x
xz min

then sx.la 2x Dx7 sit ix d o

Proof let s support x v VK Xlv vz X v

S v m v for each i
2 min cord

µ over S T SK
ISX DX Xlv deglr

K x v volts rolls

L rolls Xlv x vi p


















wC2CS Xlv x Cui test miniskirts

4167 05 415

x Cu x Cu wle a min

sit Sx d 0

ffan xcudlxcultxcvdwlelsabeva.at

Cx LxqWCeKxutXI was 2 4 2 47

jan 22ND CX 7 Even xp
xcastxc.PE 2 442 4

60 296 62 Lab cite
S support x v Vic

2
dt fE 297 sea nu for each



Lemma let x d 0 then y x 21 Yes minÉ ocs

4167 05 415

mins
sit Sx d 0

roof V total volume

Lemma let XERIO
Ly Ly X LX why st.ro lsupportex

EV12thensxLx72Isx

DxLyDy7 Sxt21 D 1 2117

Sx Dx 229,17 why

d 0

41,017 51,17



Lemma let X X w X X ERIO Yes min É is

then 4167 05,415

4,1 7 5 4 7 5 4 7 a min 5
sit x d 0

x DX x Dx SX_ DX 7
total volume

Lemma let ER
sit vol support x V12
then sx.hn IsxDxLemmaletsx d7

then y 21



Lemma let X X X w X X ERIO Yes min É is

then 4167 05 415

4,1 7 5 4 7 5 4 7 xz min 5
4,1 7 file Xiu v

sit x d o

total volume

Lemma let ER

mw
e Xyla v x a X_ v sit rollsupported V12

then sx.la IsxDxLemmaletsx d7
Sx LX 7t4X LX then y x 21

Eye xtlus xtlvDlx.lu x.lu

Carby a 6 0 a 6eR



Lemma let X X X w Xt X ERIO Yes min É is

then 4167 05 415

x DX x Dx SX_ DX 7 a min 5
sit x d 0

total volumex DX 4 0 7 Hx DX
Lemma let ER
sit vol support x V12
then sx Lx x Dx

24 DX Lemma let ix d
then y 21



sutting it all together
Yes miniskirts

4167 of v45
let 4 7 0

a min

sit x d 0

total volume

Lemma let ER
sit Volsupport x V12
then sx Lx Sx Dx

Lemma let x d
then y 21

Lemma X X X w X X ER

4,1 7 5 2 7 5 4 7
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