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Probability candtechniques Algorithms
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applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
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Hitting times Connectivity
in Ollogn spaceCover times

Electrical networks
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Spectral theorem
for symmetric maps

Spectral analysis of
random walks
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Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts

Conductance based

mixing time
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Expanders Deterministic

Zig zag product
Connectivity in

Ollogn space
tensors
















































































Lecture 22

Probability andtechniques Algorithms a p c do

classes RP and BPP More efficient
amplification

tensors of graphs
Efficient construction

of exponentially

large expanders
















































































A language L is in

no error P
polynomialtime

if there is a det polytime algo to decide if ye L

RP if there random
randomizedpolynomialtime

s a Polytime algo that on input x
one sided
error if XEL decides Xel w constant prob

if x L always decides XEL

BPP if there's a random polytime algo that on input xboundederror
probabilisticpolynomialtimetwo sided

if Xel decides Xel w prob 2213
error

if 4L decides XEL w prob 243
















































































Amplification
c.fmapaIfamethere's a random polytimealgothat on input

if XEL decides Xel w constantprob
if x L always decides XEL

let LERP

algo w false negative error prob say 12

using say m random bits

how to reduce error prob to 8

I run algo Ol log Ys times

2 Output disjunction or of all trials

total of random bits

Olm log Ys

Better
















































































cranaBmizPedpaynonfanimethere's a random polytimealgothat on input

if XEL decides XEL w constantprob
if x L always decides XEL

BPP ifthere's a random polytimealgothat on inputx
pro
digging

L decides yet w prob223
if x L decidesXEL w prob243

Theorem

Given RP BPP algo one can get error prob 8 w

Ollogl's factor increase in running time

Ollogl's additional random bits

ideas
















































































heorem 1hPapaintthere's a random polytimealgothat on inputx

Given RP BPPalgo one can get error prob 8 w
if Xel decides Xel w constantprob
if x L alwaysdecidesXEL

O log 18 factor increase in running time BPP isthere's a randompolytimealgothat oninputx

Tj L decides Xel w prob223Ollogl's additional random bits
if x L decidesXEL w prob243

Tigh level idea expander amplification
00000000

00000001

00000010 00000011
make constant degree 00000100 00000101

00000110

expander G V E

w V 0,23m

Take random walk
54

0
Vi Vt E 0,23m

W t OUog 8 0

use each v as random

bits for ith instance
of algo
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Probabilistically
checkable proofs
















































































A language L is in

P if there is a det polytime decision algopolytime

NP if there is a polytime verifier that takes
nondeterministic

as input XE 0,13 and ye 0,13 and

if XEL answers Xel for some y

if Xel answers x4E for all y
















































































PCP r 9 nonadaptive probabilistically checkable proof
w r random bits and q queries

Oracle model query ith bit of proof y

Verifier

Given XE 0,13 and oracle access to ye 0,15

I select 01g queries based on X Ocr random bits

2 make Olg queries to oracle

3 accept or reject x
if XEL always accept x
if XEL accept x w prob E 2
















































































A language L is in
Fine if there is a det polytimedecision alg

90 s e
ff.inic if there is a polytime verifier that tak

PCP theorem as input e 0,13 and ye 0,13 and
if XEL answers XEL for some y
if X L answers x L for all y

NP PCP O logn I PCP r q nonadaptive probabilistically checkableproof
w r random bitsandq queries

random
bits queries Oraclemodel query ith bit of proof y

Verifier
Given XE 0 13 and oracle access to ye 0,13

1 selectOlg queries based on X O r random 6
2 make Olg queries to oracle
3 accept or reject
if XEL alwaysaccept Xeads to if X L accept w prob

Theorem Hastad 1997

70 78 2 APX for 3 SAT is NP Hard
















































































A language L is in

Lemma
Fine if there is a det polytimedecision alg

e istic if there is a polytimeverifier that tal
as input C0,13 andye0,13 and

PCP O logn OCI NP
is xel answers xel forsome
if X L answers x L for all y

random PCPr q nonadaptive probabilistically checkableproof
bits queries w r randombitsandqqueries

Oraclemodel query ith bitofproofy

Why c0,13andoracleaccess to ye0,13
1 selectOlg queriesbasedon X O r random
2makeOlg queries to oracle

accept
if X L accept w prob

PCP theorem NP PCP OCI Ollogn
ray.fm queries

Theorem Hastad1997

70 78 2 APX for 3SAT isNPHar

Harder direction is NPE PCP Ollogn 011
random queriesbits
















































































3 color ability
can vertices of 6 be colored in 3 colors s.t

There are no monochromatic edges
















































































g ary constraint satisfaction problems

n variables V finite alphabet A m clauses

a clause consists of g variables v m KEV
and satisfying set SEA

T1 VA satisfies clause if Tcu m FLIES

V vertices

A red blue green
clauses edges
















































































g ary constraint satisfactionproblems

n variables V finitealphabet A m claus

a clauseconsists of g variables Vi m KEV
and satisfying set SEA

given CSP P let Ti VA satisfies clause is Tcu m Tunes

UNSAT P min fraction of unsatisfied clauses

e.g UNSATCP O means P satisfiable

V vertices

A red blue green
clauses edges
















































































g ary constraint satisfaction problems
n variables V finite alphabet A m clause

a clause consists of g variables v m KEV
and satisfying set SEA
T1 V A satisfies clause if Tcu m T Vid E

Theorem v vertices
A red bluegreen

There are integers g 1 Al I sit clauses edges

given g ary CSP P over alphabet A

it is NP Hard to decide whether

all clauses can be satisfied unsATCP o

II of clauses can be satisfied UNSHIP
1
2
















































































PCP theorem Theorem
there are integers 9 1 I Al I sit

NP PCP COLD Ollogn given g ary CSP over alphabet A
rapidson queries

it is NP Hard to decide whether
all clauses can be satisfied
I of clauses can be satisfied

equivalent
exercise
















































































g ary constraint satisfaction problems

Graph CSP on variables V finite alphabet A m clause

a clause consists of g variables v m KEV
and satisfying set SEA

2 ary CSP T1 VA satisfies clause if Tcu m TV E

variables vertices

clause over u rev a edge between u and V

V vertices

A red blue green
clauses edges
















































































g ary constraint satisfactionproblems
n variables V finite alphabet A m clausethere are integers 9 1 1A 71 sit
a clause consists of 9 variables v1 m VKEV

given g ary CSP P over alphabet A and satisfying set S A9
it is NP Hard to decidewhether TI V A satisfies clause if Tlv m Fluid
UNSAT P 0 UNSAT P GraphCSP 2 aryCS

variables vertices
clauseover uVEV

edgebetween u

given graph CSP G it is NP Hard to distinguish

UNSAT G 0

UNSAT G

Goal amplify to a constant

vertices
A red bluegreen
clauses edge's
















































































g ary constraint satisfactionproblems
n variables V finite alphabet A mclaus

a clauseconsists of g variables Vi m Viet
and satisfying set SEA

given graph sp G it is NP Hard

to distinguish
UNS AT G O TI VA satisfies clause is Calvin Tindle

UNSAT 6 Z Im GraphCSP 2arycs
variables vertices
clauseover uVEV

Goal amplify taconstant
Three transformations

1 Expander ification make 6 a constant degree expander

2 Powering raises UNSATCG but also increases IAI

3 Alphabet reduction

V vertices
A red bluegreen
clauses edges
















































































1 Expander ification make 6 a constant degree expander

dea replace each vet w Oct degree expander

1 for each edge e u u make new

vertices u e and ye

2 For each edge e Cup make

edge ye vie w same constraint

3 For each vertex u add old degree
expander over cu e vee each of these

edges get equality constraint

claim let G CV E be old graph G Vit be new graph
a IE SOC El 6 G is OCD regular
c UN SAT G Z UN SAT G Z RUNS ATCGD

exercise
















































































g ary constraint satisfactionproblems
n variables V finite alphabet A mclaus

a clauseconsists of g variables Vi m Viet
and satisfying set SEA

given graph sp G it is NP Hard

to distinguish
UNS AT G O TI VA satisfies clause is Calvin Tindle

UNSAT 6 Z Im GraphCSP 2arycs
variables vertices
clauseover uVEV

Goal amplify taconstant
Three transformations

V Expander ification make 6 a constant degree expande
2 Powering raises UNSATCG but also increases IAI

3 Alphabet reduction

V vertices
A red bluegreen
clauses edges
















































































thought experiment let te IN

given graph CSP G V E

for e me EE let Cee et Ce A Ced ACet
Constraint for e

let P Ce et e et

UNS ATCP

IP

is P a graph CSP
how to do something
similar but graphically
















































































2 Powering raises UNSAT G but also increases IAI

Idea one constraint for each t step walk

et Ct v Et t th graph power

for ve V let Ntv u within t steps of r

Inter E D where D di ltd

alphabet is AD For TTV AD interpret TTV EAD
as an assignment Tv Ntv 7A

for each walk Walvo v m ve edge ew vow
in Gt is satisfied iff

Ca Tivo Nt vo A satisfies e et c TT and Ivy agree
6 Try Ny v7 A satisfies e et on NTV MNT Vt
















































































Nyu u within t steps of v Into ED where D d ltd

alphabet is AD For TT V AD interpret TTV EAD
as an assignment Tv Ntv 7A

for each walk Walvo v m ve edge ew vary
in Gt is satisfied iff

Ca Tivo Ny vo A satisfies e et c TT and Ivy agree
6 Try Ny v7 A satisfies e et on Ny Vo Mnt Vt

Vo LV Vt










































Nyu u within t stepsof v INN SD w D di Clt

claim alphabet is AD for TTV AD interpret F EAD
as an assignment Tv Ntv A

UNSAT Gt for walkWho v m ve edgeew vary
in G is satisfied t

on Nyan Nt
I VT min UNSAT G I Ca Tivo Necro A satisfiese et caTT and In agr

6 Try Nyv7 A satisfieses et

suff large constant

either UNSAT G RCI or UNSAT G I LUNSAT G

how to set up a proof



Ntv uwithin t stepsofv3LYE

let TT V AD be optimal for G alphabet is AD for Tina

interpret F EAD as Tw Nyu 7A

define Tl V 7A by for eachwalkWtvo v.es Er
edgeew vary is satisfied iff
Ca Tivo Nyvo A satisfies e et
6 Try Nyv7 A satisfies es et
c TT andTryagree on Nyvolant v



New uwithin t stepsofv3LYE
alphabet is AD for TTV AD

interpretTTVEAD as TTV Ny v A

for eachwalkWao v mEsv
edgeew vary is satisfied iff
Ca Tivo Nyvo A satisfies e et
6 Try Nyv7 A satisfies es et
cTT andTryagree on Nyvolant v



Ntv uwithin t stepsofv3LYE
alphabet is AD for TTv AD

interpretTTVEAD as Tw Ny v A

for eachwalkWao v mEsv
edgeew vary is satisfied iff
Ca Tivo Nyvo A satisfies e et
6 Try Nyv7 A satisfies es et
cTT andTryagree on Nyvolant v



New uwithin t stepsofv3LYE
alphabet is AD for TTV AD

interpretTTVEAD as TTV Ny v A

for eachwalkWao v mEsv
edgeew vary is satisfied iff
Ca Tivo Nyvo A satisfies e et
6 Try Nyv7 A satisfies es et
cTT andTryagree on Nyvolant v


