













































































Spectral analysis of

undirected random walks
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Stationary Distribution
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Recall

scores's

let ΔV ERP X 1 distributions overV3

Theorem there existsXEΔVsit

a 2 vev

If G is strongly connected then is unique
andstrictly positive

Theorem restated every random walk has a

stationary distribution If G is strongly
connected then this distribution is unique

Theorem restated let G be a dir graph and R the

random walk linear map Then R has an eigenvector
ΔV w eigenvalue 1 If G is strongly connected

then x is the unique eigenvector w eigenvalue 1
















































































Today for undirected graphs

randomwalk

Let R have eigenvalues

Mil Mz Mn 1

Theorem let 8 1 max us lunt

IIRKx s.LI 1 8
as.FI L
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Laplacian

LER
n

symmetric positivesemidefinite
















































































Rank 1 matrix

UQv where u vER
aka UVT

defined by x Carly x u v y

as a matrix mu.vn
UzV UzV2 Uzun

UOV hand
UnV UnV2
















































































Rank 1 matrix
Laplacian of an edge e u v uoxvwhereu.veRnLxCu v y7 SX

u7SYyLe

1u 1v 0 1u 1v EIRVXV

In 0,1 indicatorvector for u

Gu Xu
Xu

x Lex Xu xu
e

Xu
















































































Rank I matrix
U V where u vElR
x Cady Ex u Yy
Laplacian of e u u

Laplacian of

G V E w edge weights WERE le can non 2d ER
1 10,13indicatorvectorto

Ence Le
EEE

x Lx Ence xu xu
EEE
e u u
















































































Bank 1 matrix
U V where u vER

w e Le sx.cuavlyt sx.ua
EEE Laplacian of e u v

Le 11 24 4 or.ec rsLx Lx7 Ewce xu xPSx Lex7 Cxu

xvPeEEeEu v

AER is positive semi definite if

A is symmetric
x Cyoy 7

x Ax 20 x

4720

A is positive definite if it is positive semi definite invertible
















































































Rank I matrix
Recall U v where aver

x Cady Ex u Yy
Laplacian of e u u

Le Iu Lv Iu Ir EIR
1 10,13indicatorvectorto

µ of
eigenvalue ix Lex ca at

Laplacian of

L ÉwCe Le

eigenvector X LX IEgWCe Xu x
positivesemidefinite
A is symmetric
x Ax 20 t x

Lemma every linear map A

has an eigenvalue tee and

eigenvector teen
















































































Rank I matrix
Lemma every linear map A U v where u vER
has an eigenvalue TEC and Lx Carly ex uh y
eigenvector teen

Laplacian of e u u

Le Iu Lv Iu Ir EIR
1 10,13indicatorvectorto

Lemma LER symmetric ix Lex ca at

Laplacian of
XER maximizes Lx Lx over 11 11 1 Legwcelle

Lx MX for M X Lx xx EggwceGu x

positivesemidefinite
A is symmetric
x Ax 20 tx

note Max LX EIR
eigenvalue

Ax XI
eigenvector
















































































Rank 1 matrix
Lemma LER symmetric uov where uvern

X O x u v y SX u v y
ER maximizes over 11 11 1 Laplacian of e u.is

Le 14 24 4 oneLx µx for M x Lx x Lex Xu Xu

Troof EU Laplacian of

claim for UER
11 11 1 11 18 8244112 LIENCE Le

He CX.LY
e ywCe

lxu x

positivesemidefiniteif Lu D then Su 1 7 0
A is symmetric

if claim is true
4 4 LIKE Sx Ax 0 x

LX Lx7 244,4 7
eigenvalue

Lxespan x tea Lu7 Ax X

Lx Mix for some µ Epn eigenvector

µ M sx x SX Lx
















































































LER
Bank 1 matrix

symmetric a v where aver

XER maximizes Lx Lx over 11 11 1 scary ix usury
Laplacian of e u u

claim if 4,117 0 then Lu 1 7 0 Le Gu won 2d ER
14 10,13indicatorvectorto

x Lex xu xu
let her w 4 7 0 Hull L

Laplacian of

L ÉwCe Le
define fee Sxtykexted X LX IÉWCe Xu x

positivesemidefinite
A is symmetric

note Ilxteull 11 11 t Ellul HE x Ax 20 x

eigenvalue

Ax XI
eigenvector
















































































Rank 1 matrix
LER symmetric uov where u.veR

XER maximizes LX LX over 11 11 1 sx.cuovlyt sx.ua y
Laplacian of e u v

claim if Lu 0 then Su 1 7 0 he 11 4 4
x Lex Xu Xu

let UER w Cu x 0 11411 1
Laplacian of

Ercole
define f e

Kt
Y

tE
4 11 7 force Xu

positivesemidefinite
A is symmetric

note llxteulf.MXPtElluIP HE Lx Ax720 x

eigenvalue
max Lx Lx 2

Ax Xx
o max f x

eigenvector
5107 0

Su 1 7 0
















































































Rank 1 matrix
Lemma LER symmetric uov where uvern

x Carly SX u Yy
ER maximizes LX LX over 11 11 1 Laplacian of e u.is

Le 14 24 4 L vector's

Lx µx for M x Lx x Lex Xu Xu

Laplacian ofTroof
Ercole

For HER sxilxf.suywcellxu x
if 24,77 0 then Su 1 7 0 positivesemidefinite

A is symmetric
x Ax 20 x

Lxespan x
eigenvalue2
Ax XxLx Mix for some M ER
eigenvector

µ Mix x SX Lx
















































































Rank I matrix
Lemma LER symmetric a v where aver

x Cady Ex u Yy
XER maximizes LX Lx over 11 11 1 Laplacian of e a is

Le Iu Lv Iu Ir EIR
1 10,13indicatorvectortoLx mx for Max Lx x Lex xu xu

Laplacian of

L ÉwCe le
Spectral theorem LER symmetric ix Lx gigwcescu x

then 1 7 v up t t an v Vn positivesemidefinite
A is symmetric
x Ax 20 Txwhere Xi m An EIR

eigenvalue
Y m Vn orthonormal basis Ax XI

eigenvector
















































































Rank 1 matrix
Spectral theorem LER symmetric uov where u.veRnLxCu v y7 CXu7SYy

then X v V t t Xn Vn Vn Laplacian of e u.is
Le 14 24 4 ve.ir's

where 7 m AnER x Lex Xu Xu

Y m Un orthonormal basis Laplacian of

fence Leproof by induction on N
LX.la

e ywcellxuxn0 positivesemidefinite
A is symmetricn 1 let MER YER be eigenvalue vector x Ax 0 x

Lemma LER symmetric

13 A µ V Y YER sun47 0 xer maximizes sx.us over1111
Lx MX for µ CXLx

claim B maps Y to Y Vn By7 0 YEY
















































































Rank 1 matrix
UQv where u.veRnSvn Ay7 Mn4vn Cunounly7Lx Cu v y7 SXu7SYyHyggy

manage qq.ggggqgggyyy

L EWCe Le

B Me my Mar 1 iL icdxu x

positivesemi definiteV1 s K y EY A is symmetric
x Ax 20

Lemma LER symmetric

XER maximizes LXLX over1111
Lx µx for M X Lx
















































































Rank 1 matrix
Spectral theorem LER symmetric U v where u.veRnLxCu v y7 SXu7SYyLX v.Qvptmt7n vn0Vn Laplacian of e u v

where 7 m XNER he 14 24 4 ve.it

Sx Lex7 Cxu xv
Y m.vn orthonormal basis

Laplacian of

for ER write L welle
4 11 7 fire Xu

α V t In Vn unique α sx v positivesemidefinite
A is symmetric
x Ax 20 xL X IV VIX Xn Vn Vn X Lemma LER symmetric

XER maximizes LXLX over1111

7kV X7 V t In Sun X7 Vn Lx mx for m xLx

did v t drank
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Recall

scores's

let ΔV ERP X 1 distributions overV3

Theorem there existsXEΔVsit

a 2 vev

If G is strongly connected then is unique
andstrictly positive

Theorem restated every random walk has a

stationary distribution If G is strongly
connected then this distribution is unique

Theorem restated let G be a dir graph and R the

random walk linear map Then R has an eigenvector
ΔV w eigenvalue 1 If G is strongly connected

then x is the unique eigenvector w eigenvalue 1



Rank 1 matrixTheorem G V E undirected W E R o u v where u veR

let R R IRV be random walk map sx.cuavlyt sx.ua
Laplacian of e u v

then R has stationary distr SEAV w Le 12 24 4

s degas rice
ix Lex a at

Laplacian of
WF

W e

Ercole
4 11 7 fire XuProof

g positivesemidefinite

2W A is symmetric
x Ax 20 x

13 A D
I

d AL Lemma LER symmetric

XER maximizes LXLX over1111
Lx µx for µ CXLxD Id spectraltheorem LER symmetB A
extent Antenor

where Ethonormalbas

y d7



Bank 1 matrix
Let R have eigenvalues u v where u.veRnLxCu v y7 SXu7SYy

Lemma LER symmetric

M Mz My I XER maximizes 4,2 7 over1111
Lx MX for µ x Lx

Spectral theorem LER symmet
L 7 v Vit In Vn V

Theorem let 8 1 max Mz lunt where
honormalbas

Theorem G V E undirected w E R
then R hasstationarydistr SEAV w

11B s I 1 8 su ffddegasE.ices.wE.ie
stationary
distribution Lemma let A C BC

A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized random walkmatrix

D RD D AD
D diagd w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R



Bank 1 matrix
Similar matrices uov where u.veRnLxCu v y7 CXu7SYy

A B EB are similar if Lemma LER symmetric

XER maximizes XLX over1111
Lx MX for M x Lx

A C BC for some invertible CER spectraltheorem LER symmet
7 v Vit Anunov

where
It Thonormalbas

et A BC Theorem G CVE undirected w E R
then R hasstationarydistr SEAV w

Lemma C restricts to isomorphism so 94 degas ie w

EewcebetweenkerCAadker B

mooker A yeker B

BCX CAX O ACTY C By 0



Rank 1 matrix
et A C BC UQv where u.veR

x Carly SX u yy

Lemma restricts to isomorphism Lemma LER symmetric

XER maximizes LXLX over1111
Lx MX for µ CXLxbetween Ker A and Ker B spectraltheorem LER symmet
7 v Vit Anunov

where Ihonormalbas

Lemma Theorem G CVE undirected w E R
then R hasstationarydistr SEAV W

A and B have same eigenvalues so 94 desert ie w Eewce

C maps eigenvectors of A to eigenvetors of B

why
A 71 C B XI C A

CHIC 71



Rank 1 matrix
Normalized random walk matrix uov where u.veRnLxCu v y7 SX

u7SYyQD
1
2RD D A D

Lemma LER symmetric

XER maximizes LXLX over1111
Lx MX for µ CXLx

Spectral theorem LER symmet
D diag d w d degrees A adjacency matrix 1 2,4 vit tancunov

where ThonormalbasR A D random walk matrix
Theorem G V E undirected w E R
then R hasstationarydistr SEAV w

s ffl degas EagleswidenceQ is symmetric Lemma let A C BC
A and B have same eigenvalue

Q has same eigenvalues as R Cmaps eigenvectors of A
toeigenvetorsof B

YOV Mz V2 V2 m
Mn Vn VnQ

w µ 12m Mn
alsoeigenvalues of R



Rank 1 matrixNormalized random walk matrix U V where u vER

D RD D 2A D
sxcuavlyesx.ua
Lemma LER symmetric

XER maximizes LXLX over1111D diag d w d degrees A adjacency matrix Lx MX for µ CXLx
Spectral theorem LER symmetR A D random walk matrix 7 v Vit In Vn V
where ThonormalbasQ is symmetric Theorem G V E undirected w E IR

Q has same eigenvalues as R then R hasstationarydistr sear w

Sr fff degas Eagleswidence

Lemma let A C BCQ V V Mz V2 V2 m
Mn Vn Vn A and B have same eigenvalue

w M Mz M Cmaps eigenvectors of A
toeigenvetorsof Balsoeigenvaluesof R

proportional stationary proportional
1 V distribution

d

v YET vcd.IT



Bank 1 matrixNormalized random walk matrix U V where u vER

D RD D
2

D
car y sx u yy

Lemma LER symmetric

XER maximizes LXLX over1111D diag d w d degrees A adjacency matrix Lx MX for µ x Lx
Spectral theorem LER symmetR A D random walk matrix 7 v Vit In Vn V
where ThonormalbasQ is symmetric Theorem G V E undirected w E IR

Q has same eigenvalues as R then R hasstationarydistr sear w
s ffl degas Eagleswidence

Lemma let A C BC
A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Mz V2 V2 tmtMn Vn Vn

w M Mz Mn also eigenvalues of R



Rank I matrix
Q tmzlvzoxv.lt tun Vn Un U V where u VER

Lx Cady Ex u Yy
w Mil ZMz Mn

Lemma LER symmetricalsoeigenvalues of R xEIR maximizes LXLX over1111
Lx mx for Max Lx

Spectral theorem LEIR symmet
L X vQuit tanCvn v
where Xi m AnEIR

Y M Vn orthonormalbas
Theorem let 8 1 Max M2 d

theorem Gcv e undirected w

then R hasstationarydistr SEDv w
1113 x SHE CI 2 VIII Sv GIL degas owletWEEwee

stationary
distribution Lemma let A C BC

A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized random walkmatrix

DARD p A p
k

D diagd w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R



Rank 1 matrix
UQv where u.veRn

Mz VzOVz tmtMn VnOVn LxCu v y7 SXu7SYy
w me µ Mn Lemma LER symmetric

XER maximizes LXLX over1111
also eigenvalues of R Lx MX for µ CXLx

Spectral theorem LER symmet

2 1 Q D
2 S except aneurer

where
It Ihonormalbas

Theorem G V E undirected w E IR

172QD
2 1 Q D

2 1 Q D
2

then R hasstationarydistr sear w
s f deger icedwidence

1 2QK D x
Lemma let A C BC
A and B have same eigenvalue
Cmaps eigenvectors of A2 MIKE tmtMn Vn vn 15 toeigenvetorsof B

Normalized random walkmatrix

D RD D AD
I D

2 MEN tmtµ von D diaged w d degrees A adjacencyme

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as Rdo 1

0 9 54 44



2 Rank 1 matrix
UQv where u.veRn1RKys f 5 51 7 ix car y sx u uy
Lemma LER symmetric

15
2 XER maximizes 4,2 7 over1111

Lx MX for µ CXLx
Spectral theorem LER symmet
7 v Vit In Vn V

where
It Ihonormalbas

D W X D WD X Theorem G CvE undirected w E R
then R hasstationarydistr SEAV w

1
2

so fff deger ie w Eewce

WD WIN Lemma let A C BC
A and B have same eigenvalue
Cmaps eigenvectors of A

Drax W5 x WD x toeigenvetorsof B

Normalized random walkmatrix

D RD D AD
may X W 5 77 D diaged w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric

max
Max ME µ D D 7 Q has same eigenvalues as R

Δ max maxs 3 x 51 7



Rank 1 matrixΔ may 2k 2k 15 112 UQv where u.veR
Max Mz Mp x Carly Sx u yyAmin 1 Lemma LER symmetric

XER maximizes LXLX over1111

1 272k Lx mx for µ Cx Lx

Max My Mpl
spectraltheorem LER symmet
7 v Vit In Vn V

where Thonormalbas

mA 1 22k Theorem G CVE undirected w E R
then R hasstationarydistr SEAV w

Dmin s ffl degas ie w Eewce

Lemma let A C BC
A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized random walkmatrix

D RD D AD
D diagd w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R



Rank I matrix
U V where u VER
x Cady Ex u Yy

Lemma LeAnn
XER maximizesÉÉTÉÉ x

Lx mx for Max Lx
Spectral theorem LER symmet
L X vQuit tanCvn V
where X m AnEIR

Y M Vn orthonormalbas

Theorem G CVE undirected w E IR
then R hasstationarydistr SeDr W

Sv FIX deger owletWEEwee

Lemma let A C BC
A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized randomwalkmatrix

D app p Ay't
D diagd w d degrees A adjacencyma

it's m it
matrix

Q has same eigenvalues as R

t t



Bank 1 matrix
Mz V2 v2 tmtMn Vn Vn

It Ttt

w µ µ

u v where u.veRnLxCu v y7 CXu7SYy

alsoeigenvalues of R
Lemma LER symmetric

XER maximizes LXLX over1111
Lx MX for µ CXLx

Spectral theorem LER symmet
L 7 v Vit In Vn V

Theorem let 8 1 max Mz lunt where
honormalbas

Theorem G V E undirected w E R
then R hasstationarydistr SEAV w

11B s I 1 8 su fegddegasE.ices.wE.ie
stationary
distribution Lemma let A C BC

A and B have same eigenvalue
Cmaps eigenvectors of A

toeigenvetorsof B

Normalized random walkmatrix

D RD D AD
D diagd w d degrees A adjacencyma

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R


