













































































Deterministic connectivity

in logarithmic space
















































































Lecture 16

Probability candtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
















































































Lecture 18

Probability candtechniques Algorithms
modelsand
applications

Hitting times Connectivity
in Ollogn spaceCover times

Electrical networks

electrical Egret elegyca slow

electricslowum apt

aggerigEerete
prooffixtraversalof spanningtree tsunami

energy leastenergy
I is elegiacal ergi ose

s

Eifertios i is s's des IEEIIIa2 t
HittingtimeHlsT expected steps until a s 3 is ynos a ÉÉ

3 s n

g
en

essective
É É

resistance.suEiker
it

s
i I 1.0s it Ohm'slawSR'Btp

covertime s expected steps until a
41 twist't'd

y
L BRBTERM2M canelectricflow12minDrandomwalkfrom s visitsevery vertex
















































































Lecture 19

Probability candtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Lecture 20

Probability candtechniques Algorithms
modelsand
applications

Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts

Conductance based

mixing time
















































































Lecture 21

Probability andtechniques Algorithms
modelsand
applications

Expanders Deterministic

Zig zag product
Connectivity in

Ollogn space
tensors
















































































connectivity

Input G V E undirected
m edges n vertices

S TE V

Q is there a path from
s to t


















































































BFS DFS Take

linear time and space
o o o o o o o o

o o
o o o o o o o o

a s o o

Breadcrumbs
















































































can connectivity be solved in Liar

Yes No Not

voting
BFS

linear space DFS

Ollogoun space 90 1 3

Ollogn space 950 4 2

Ollogn space 50 50

deterministically
2weeks
from

now
















































































an connectivity besolved in OClogn space
randomwalk terminology

algorithm
Hittingtime HlsT expected steps until a

1 repeatOllogn times random walk from s reaches t
a start at SEV
6 randomly walk for O mn steps Cover time s expected steps until a
c if walk visits t return TRUE random walk from s visitsevery vertex2 return false

Theorem

If G is connected then Ccs E men 1

Q how about w out randomization
















































































Recall

scoreas SYFY

let D xeRY Ex 1 distributionsoverV3

Theorem there exists XE IV sit

Xv It Trev

If G isstronglyconnected then X is unique
andstrictlypositive

Theorem restated every random walk has a

stationary distribution If G is strongly
connected then this distribution is unique

Theorem restated let 6 be a dir graph and R the
random walk linear map Then B has an eigenvector
X EAV W eigenvalue 1 If G is strongly connected

then x is the unique eigenvector w eigenvalue 1
















































































Recall
Bank I matrixTheorem G V E undirected W E B o u v where aver

let R B IRV be random walk map
ix curly mussy
Laplacian of e u u

Then R has stationary distr SEAV W Le can won 2d ER
1 10,23indicatorvectorforu

x Lex xu xu
degli onceSy

d

wqqyu.ee
Laplacian of

L ÉwCelle
X LX Eggwce Xu XuProof der be the degrees positivesemidefiniteA
A is symmetricD dinged A adjmatrix x Ax 20 tx

eRnxn Lemma LER symmetric

D A D xelR maximizes LxLx over1111 1
Lx mx for Max Lx

Spectraltheorem LER symmetric

Rd AD'd AI d Lacount tancunouns
where

Isu honormalbasis
















































































Recall
Bank I matrix

I FÉ tMz v2 a t tun you u v where aver
x Cady Ex u Yy

w Mil Mz 7mn Lemma LEB
XER maximizesÉÉYÉÉ xi 1also eigenvalues of R

Lx mx for Max Lx
Spectraltheorem LER symmetric

L X vQuit tan noun
Theorem let 8 1 max us lunt where a mane

Y m Vn orthonormalbasis

Theorem G CVE undirected w E Ryo
then Rhasstationarydistr SEDv w

1113 x SHE CI 2 VIII Sv GII degas owletWEEWG

stationary
distribution Lemma let A C BC

A and B have same eigenvalues
Cmaps eigenvectors of A

toeigenvetors of B
Normalized randomwalkmatrix

D RD p A j's
D diagd w d degrees A adjacencymatrix

R AD randomwalkmatrix
Q is symmetric
Q has same eigenvalues as R
















































































Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhasan eigenvectExpander graphs x ear w eigenvalue 1 If G is stronglyconner
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let RRUINberandomwalkmap
thenRhasstationarydistr SEDv w

degas onceso LET WEE

Theorem let 8 1 max uzlun

1113 xSHECI 2 VIIIÉ
12m22 2mneigenvaluesof

G is an expander is the

spectral gap 8 is
at least a constant

Q deterministic connectivity for

constant degree ex panders

Q diameter of a constant degree expander
















































































Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenRhasan eigenvectQ diameter of a XEAV w eigenvalue 1 If G is stronglyconnect
then x is theuniqueeigenvector w eigenvalue 1

constant degree expander Theorem Gove undirected wer
let R B IRVberandomwalkmap
then Rhasstationarydistr SEDv w

degategawce

say 8
1
2 let X Is for SEV s

w

Theorem let 8 1 max uzlun

IIR xSHECI 2 VIIIÉEÉÉ

IIR x Gm E I n 12Mz 2mneigenvaluesof
G is an expander is the

stationary spectralgap 8 is atleast a constdistribution

for K OClog n

IIR x 42m lose IIR x Gm 12 potent

R x Em potion o f r

there exists a path of Ollogn edges from s to t
















































































Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhasan eigenvectExpander graphs x ear w eigenvalue 1 If G is stronglyconner
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let R B IRVberandomwalkmapG is an expander if the thenBhasstationarydistr sear w

su Jeff degas once

WEEwee

spectral gap 8 is at least a constant
Theorem let 8 1 max uzlun

1113 CIA'VE
12Mz 2mneigenvaluesof

Q deterministic connectivity for

constant degree expanders

diameter of a constant degree expander
Ollogn

Q how many random bits are needed for I step
of a random walk in a constant degree graph
















































































Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhas an eigenvect
XEAV W eigenvalue 1 If G is stronglyconnect
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let RRUINberandomwalkmapG is an expander if the thenRhasstationarydistr sear w

degas aweso Left WEE

Expander graphs

spectral gap 8 is at least a constant
Theorem let 8 1 max uzlun

1113 CIOVE

Q deterministic connectivity for

constant degree expanders

Diameter Ollog n

Oct random bits per random step

enumerate all paths of length Ollogn
















































































Lemma Ollogn space poly time

deterministic connectivity in

Oct degree expanders

Reingold 2005

Theorem Ollogn space poly time

deterministic connectivity in undirected graphs
















































































Theorem OClog n space poly time Reingold 2005

deterministic connectivity in undirected graphs

tigh level idea

convert 6 into 04 degree expander

by sequence of graph transformations

graph transformations applied implicitly due to space constraints

de randomize the random walk

algo implicitly on the expander

LemmaOllogn space poly tim
deterministicconnectivity in
Oct degree expanders
















































































Reingold 2005Theorem Ollogn space poly time

deterministic connectivity in undirected graphs

ligh level idea

Graph transformationsconvert 6 into 04 degree expander

by sequence of graph transformations 1 Powering
graph transformationsapplied implicitlydue to space constraints

2 Zig Zagproduct
derandomize the random walk

algo implicitly on the expander

Ollogn spacepolytime
Ieteiministicconnectivity in
Oct degreeexpanders
















































































Preliminary

WLOG assume 6 is a regular graph
of degree d oc1
















































































Towering

G graph w an edge for every k step walk in G

w repetition

random walk Rk has eigenvalues I Mek n unk

81619 1 1 8167

degree increases from d to d
















































































Zig zag product 216 H
let G be d regular

Problem d large after powering
how to simulate random step w fewer bits

6 do

108
i

d
ok

I 2
















































































Zig zag product 216 H
let G be d regular
It be do regular w d vertices it will be OCDdegreeexpande

vertices VoxV4 u r uevo.VEUH

edges for v I EVoXVE k KzE do
the K kz th neighbor of v i is vain where

so 2 G H is di regular
















































































Zig zag product 216H
let G be d regular
It be doregular w d vertices itwillbeOCDdegreeexpande

vertices VoxV4 u v uevo.VEUH

edges for v I EVoXVE k KzEdo
the K kz th neighbor of v i is vain where

Lemma Z GIH has
nd vertices

degree d
so216,4 is di regular

2
spectral gap 86TH
















































































Powering

6k 216 H
G graph w edgeforeverykstepwalkin

vertices N n d w repetition

randomwalkRkhaseigenvalues I Mek n n

81619 1 18167

degree dk d degree increases from d to d

Zigzagproduct216H
let G bedregular
It bedoregularw dvertices itwillbeondegreeexpspectral gap 1 66 8687 verticesVoxVit cu.niuevo.veVit's

edges for v I EVoxVE kkzEdo
the Kkzthneighbor of v i is vainwhere

26 H
so216H isdiregular

vertices nd

ddegree
2

spectral gap 1 1 8,7 8,7 286 86 8H

28685 8882H
















































































Powering

6k 216 H
G graph w edgeforeverykstepwalkin

vertices n nd w repetition

randomwalkRkhaseigenvalues I Mek n n

d
K 2 81619 1 18161k

degree do degree increases from d to d

Zigzagproduct216H
let G bedregular

Spectral gap 1 66 JG It bedoregularw dverticesatwineoutdegreeexp
verticesVoxV4 u v uevoVEVA

edges for v I EVoxVE kKzEdo
the Kkzthneighbor of v i is vainwhere

26 H
so216H isdiregular

vertices nd

ddegree

spectral gap 1 1 867 8,7
















































































Powering

26 H
G graph w edgeforeverykstepwalkin

vertices n d w repetition

randomwalkRkhaseigenvalues I Mek n n

81619 1 18167ddegree degree increases from d to d

Zigzagproduct216H
let G bedregular

spectral gap 1 1 Xp It bedoregularw dverticesatwineoutdegreeexp
verticesVoxV4 u v uevoVEVA

edges for v I EVoxVE kKzEdo
the Kkzthneighbor of v i is vainwhere

for 86 7 2
so216H isdiregular

6k 216H1 11 86578,7 1.0186
vertices n nd

degree dk do
spectralgap 1 186 86814
















































































Powering

Space usage
G graphw edgeforeverykstepwalkinfor graphs like GK or Z GH

w repetition

randomwalkRkhaseigenvalues IMek n u

need to answer in OCI space 81619 1 18167

degreeincreases from d to d

Zigzagproduct216H
let G bedregular

given V what is ith neighbor It bedoregularw dverticesatwillbeourdegreeexp
verticesVoxV4 yr uevo.VEUH

Of edges for v I EVoxVE kKzEdo
the Kkzthneighbor of v i is vainwhere

so216H isdiregular

6k 216H

vertices n nd

degree dk do
spectralgap 1 186 86817

26 H
vertices nd

degree d

spectralgap 1 18678,7
















































































Powering

th neighbor of in 62
stack

G graphw an edge forevery kstepwalkin

w repetition

randomwalkRkhaseigenvalues 1 ink m unk

1 ith neighbor of in 6 rat 1 a rank
degree increases from d to d

rec
V

2 Izth neighor of v in 6

v2

It Me

Zig zag
















































































g ag
Zig zag product 216Hki.kz th neighbor of v i
let G be d regular
It be doregular w d

2 Kath neighbor of i vertices VoxVit Curl uevo.veVA

edges for v I EVoXVE k KzEdo
the K kz th neighbor of v i is vain

iz

2 12thneighbor of v in 6

VEC call to neighbor it6 so 216H is di regular

3 loop jth neighor of ve in 6 until v

4 Kind neiyhto
















































































Zigzag product 216H

Analysis of zig zag product let G be d regular atwineousdegreeexpanders

It be doregular w d vertices

let RH random walk for H
vertices VoxVit Curluevo.veVit

edges for v I EVoXVE kKzEdo
the K kzth neighbor of v i is vzin

write random walk for 2 G H as

so 2 GH is d regular

I RH Z I RH

where
I RH takes random step in H

leaves G coordinate fixed
2 does deterministic zig zag step
















































































Zigzag product 216H

Simpler zig zag product let c be d regular
It be doregular w d

let S 1 01 1 vertices VoxVit Curluevo.veUH

edges for v I EVoXVE kKzEdo

Uniformly sample 1 vertex in H the k.kz th neighbor ofCrni is vain

consider
I 5 Z IOS ROOS so 2 GH is d regular

where

IOS randomly samples vertex in H

2 uses H coordinate to take step in G

so I 5 2 IOS takes random step in G and H

has same spectral gap as 86 great































































































































































Tensor products of graphs

6,062 V V2 E Ez

E Ez 4,42 v k a viEE luzia EEz

BER
















































































Tensor of vectors Rank 1 matrix

UQv where u vER
aka UVT

defined by Cuorly Cv y u

asana

IL

maps u.veRh 7uovE1Rnxn IR R
















































































Tensor products
for AERm

m

BEIR

A B is a linear map on 12m defined by

A B C A'CBT for CERman

special case

A B cod Ac Bd CEB deR

Fact A B has eigenvalues AAAB where

XA is an eigenvalue of A

XB mn B
















































































Tensor product I RH

I Rit is a linear map on IR
ᵈ
defined by

I RH RAX XER

where Xv vth row of X

Fact I ATB I A IOB














































































































































































































































311 RH THS has eigenvalues in 8 1 1 8 Zigzag product 216H
let G be d regular
It be doregular w d

vertices VoxVH u v UEV6VEVA

I RH Z I RH edges for v iievoxve.ki.kzedo
the K kzth neighbor of v i is vzin

8410572 IOS

8 IOS Z I RitH
so 2 GH is d regular

8H I Rit Z IOS let R randomwalk for H
write randomwalk for 2 GH

I RH Z I Rit as I RH 2 I RH where
I RH takes randomstep in 1

leaves G coordinate fixe
2 doesdeterministic zigzag ste
Tensor product I RH
I Rit is linear map on IR

ᵈ

I RH RHXu
where Xv vth row of X

I ATB I A IOB
















































































Operator norm

I All max 114 11 11 11 13

helpful inequalities

I AtBII 11411 11 BII

HABIT 11411111311

1 A B I All I BI Fact A B has eigenvalues tab where
XA is an eigenvalue of A

for symmetric A B
B B
















































































311 RH THS has eigenvalues in 8 1 1 8 Zigzag product 216H
let G be d regular
It be doregular w d

I RH Z I RH vertices VoxVit Curluevo.veVA
edges for v I EVoXVE kKzEdo

8410572 IOS
H the K kzth neighbor of v i is vzin

8 I 5 Z I RitH

8H I Rit Z IQS
so 2 GH is d regular

I RI Z I RH let R randomwalk for H
write randomwalk for 2 GH
as I RH 2 I RH where
I RH takes randomstep in 1

leaves G coordinate fixe
2 doesdeterministic zigzag ste

Tensor product I RH
I Ritislinearmap onIRV
CI RH RHXu

where Xv vth row of X
I ATB I A IQ

I At BII 11All IIB
11ABI 11411111311

11A BII 11AMIIB I
















































































311 RH THS has eigenvalues in 8 1 1 8 Zigzag product 216H
let G be d regular
It be doregular w d

I RH Z I RH vertices VoxVit Curluevo.veVA
edges for v I EVoXVE kKzEdo

8410572 IQS the K kzth neighbor of v i is vzinH

8 I 5 Z I RitH

8H I Rit Z IOS
so 2 GH is d regular

I RI Z I RH let R randomwalk for H

random vertex in H write randomwalk for 216H
as I RH 2 I RH where

IOS Z IQS I RH takes randomstep in 1
leaves G coordinate fixe

step in 6 based on H 2 doesdeterministic zigzag ste
Tensor product I RH

random step in 6 I RHislinearmap on IR
CI RH RHXv

random vertex in H
RG s

where Xv nth row of
I ATB I A IQ

I At BII 11All IIB
11ABI 11411111311

11A BII 11AMIIB I
















































































311 RH THS has eigenvalues in 8 1 1 8 Zigzag product 216H
let G be d regular
It be doregular w d ice

I RH Z I RH vertices VoxVit Curluevo.veVA
edges for v I EVoXVE kKzEdo

8410572 IQS the K kzth neighbor of v i is vzinH

TH IQS Z I Rit
8H I Rit Z IOS

so 2 GH is d regular

I RI Z I RH let R randomwalk for H
write randomwalk for 216H
as I RH 2 I RH where

IOS Z IQS ROS I RH takes randomstep in 1
Fact A B has eigenvalues AAABwhere leaves G coordinate fixe

2 doesdeterministic zigzag steXA is an eigenvalue of A
XB B Tensor product I RH

I Ritislinearmap onIRV
CI RH RHXv

where Xv vth row of X
IOCA B I A IQ

I At BII 11All IIB
11ABI 11411111311

11A BII 11AMIIB I















