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\e.‘\ S = @_&ﬂ /d veifices: VXN = £ (o, 0): weN, ve Vs

e.dge,s: Soc (v"'\DeVGX\IE , \s‘,k,_efo\o‘\',

- “V\‘\SD(M\\I Squ. 1 wﬁ« .\“ “ the (\‘\,kz)'\\\ m\a\\\oor o5 (v\,'\b S (V,_J'u.b
, () = () = () = () = (2)
CU(\S\&QC Whe;re:a is a step in H from 4, to its kith neighbor, i,.

. gb)) moves v to the isth outgoing neighbor of vy, vy.
(169)2(1®%) = R @S <

o (c) moves from iy to i3 where v is the i3th neighbor of vs.
W\\z,(e.'

* (1595) (‘ow\o)om\\, sqme\es vertex \n N

o (d) moves i3 to its koth neighbor in H.
(So Z((;’\-\) \s d;"\'e,gu\m‘w

*Z wses H-coordnale To Yake step v O



Aho\\ys'\s o) Z\g’Zag ?roduﬁ S\w\p\ef z\g’ng ?reduﬂ

\eX R\_\=fw\o\om walk Sor W ley S= @-&D/A
weite candem walk Sor Z(G,H) as = wnSofmly samele 3 wifex in 1
cons\oe
(TeRy) Z(ToRy) (105)2(1®9)
whece: whece:

. (I@R\D Tales Condom §e,9 w W (1S ) sqme\es verTex \n N

*Z wses H-coordndle Yo Yake step v O

TIdea: IS h QXPOMO'ZO‘; then rondom walk on W
ée,kaves Simﬂarly 1o fam::‘om Sownple,

=> (T8R)) Z(ToRY) 2~ (159)2(1@9)= B8 1



TQX\SOC Pr ooms o 8(‘0\?\\3
G\®G,= (VX EXE,)
EXErz 2 v, D) WDEE,, lu, NDEESS




TQ\‘\SO(' cg)' velo(s: Rom\(' A AT \X

UWR vV where wvER"

(oko. U\JT>

deSwmed by (\m«\,: A

% o YY\O'XY\X u\\l\ u‘\‘:. M\A‘\l“
. WV, W, Wy
w

U,\‘l\ uvavl v\\‘“

® mos wvek > wey e =RHR°



Tensor prodwdls
Sor  AeR™™  ReR,
A®R ¢ o \wneoc Wap on BT deSined B~/
(A®RYC= ACB  Sor CeR™
spetial tase:
(PR ked) = (ANSRA)  ceR de®’

FCAEX . A®B \'\0\5 ejxéexwo&ue.s ?\A)‘Q where

lPs 1S on e.iaemla\mg o7 A,
e B




Tensor produdt I®R
Nxd :
1®R\.\ s o lnear o on ® ) IS wned 5‘/

((TORNON), = Ry¥y ReR™

whece  Xy= v row o5 XK.

Fact I®(AYR) = I®A ¥+ I®Q



'Z‘g_ mg ?"QA\AC-.‘ Z((?,H3
let G be o- alaC

RH: V\Q V‘-\—ﬂl(vzwv’) \. A '\’ﬂn(V“QVVD H be o, '(e.%u\a(‘ w/ o\ w.f'(\ces

veiices: V XNy = 1 (u,0): ueNp,, ve Vs
edges: Soc (v,iDeVxVe, ¥ ¥qeldo):

R 1 - 1-_—) V. = 1 The (k, kDN m'\é\\‘oor S5 (v,i) ZV.L;R..D
" ' N3, (1) (‘;;) o () () (2)
wov = (AoDA =5

(a) is a ste p n H from i, to its k;th neighbor, is
e (b) mo 1 to th th tg ng n ghb of vy, vy
o (c) mov f om iy to i3 wher th isth neighbor of vs.

o(d)m 5 to tkth ghb n H.

(s0 Z(GW) s ao-regw\m
Riy= S+ M (00 ¥ ~+ M, (v, 8v)

leY Ry=¥andorn walk Sor ¥
write candem walk Sor Z(G, H)

\E:T R R\‘\ K“S 6‘ - e i\'l‘z el Y 0o (T8RY) Z(TORy) wheee:
H

*(ToRy) Takes (andom sep n W,
\eaves G-coocdinaie Fixed

RH hos e,ige.v\\l Aues \n [‘6\_\'\ \*“6“‘\ * Z does defermmdiic “ziqzay dep
Tensor produdd I®Ry
T®R,, is lvear wop on R
(TeRON), = Ry¥y
whece Xy= vV vow o5 K.
IO(AYR) = IOA + I6R



4 :
RH: R\-\’ K“S hos e\ée.n\lm\ues " {W\.\'\, \’W\.\’\ Z‘g_mg ?fcp\“d Z((:,\—D

(1@@\3)2(1@‘2\_0

= (ToRy+§,9)) Z(Te@y+ §,9))

(IR 2(Z@R,)
\’ZY\.}(‘:-@QZ(.’L@R\:\)
+ 0 22

v
Ty =

\Q:\- (’ he d— fE%_\A\Q(‘ (H v\ be OLD-degree expandec)
H be o\o"(e.gu\o&‘ w/ A wverfices
veiices: V XNy = 1 (u,0): ueNp,, ve Vs

edges: Soc (v, \DeVNg, ¥ ¥k eD\:
The  (k, kD3 veigioor o5 (i) i (4,09)

v v V! V. v
< .1> (a) ( .1) (b) ( ‘2> (c) < .2> (d) ( .2)
11 12 22 13 14

(a) is a step in H from 4 to its kith neighbor, 4.
o (b) moves v; to the isth outgoing neighbor of vy, vs.
o (c) moves from iy to i3 where v is the i3th neighbor of vs.
o (d) moves i3 to its koth neighbor in H.

where
e (a

(so Z(GW) is dg-vegnac)

leY Ry=¥andorn walk Sor ¥

wWrite candem walk Sor Z((:,\-l\

0s (THRY) Z(TORy) where

*(ToRy) Takes (andom slep n W,
\eoves G-coordinale Fixed

* Z does ANermimsiic "‘L\g‘ 7-0«;; Fep

Tensor produd I®Ry

TR, is lvee wap on B
((1®RH37QV = RuXy

whece XV‘-’- Y Yow 5 K|
ITOAIR) = I®A + I®Q



RH R\"\ K\\S hos e\ée.n\lm\ue,s v\ [U\_\\ \-T, ’\ Zigrzog produd Z(GM)

let G be o- m%u\o.(‘
H be o, ve.gu\o;(‘ w/ d w.ﬁ\d-s

veiices: NV XNy = 1 (u,0): ueNp, ve Vs

(1®R“\Z(I®R\D eo\ge.ﬁ: Soc (v, \eNXNe, ¥k eTd\:

The (K, kD veigioor o5 (i) i (9,09)

- 51(1@ )z (1®5) () = () () = (2) = (2)

where:

(H W\ be OD-degree exponded

tp Hfm ttkth ghbor,ig

(4 + (a)is .
+ Ty (EFH Z(TDR)  Bmmp et ety

o (d) m t tkth ghb H.
(so Z(GW) is d5-vegulac)

4
“— WH (I® R“\ Z(I®S) leY Ryy=Yondom walk Sor 1
’ weite candem walk Sor Z.((:,\'“
"\' (I-QR(-DZ(S-®R\D 0s (TeRY) Z(ToRY) whece
*(ToRy) Takes (andom sep n W,
\eoves G-coocdindle Fixed
* Z does A¥ermmsiic "7-\3’ 7-0«;; Sep

Tensoc pfoo\v\cﬁ I®R\.\
TR, is lvee wap on B
((1®RH37QV = RuXy
whece XV‘-’- Y Yow 5 K|
I®ATR) = I®A + I®YQ



OpefoYor norm:
NAN= mox { WAx\: Nxh=43

he\pdul mequalifies.

I AYRY £ LA +1R\

NABN < NAWWR)
\ A@R) £ WA WBl\ LT . N

lps 1S on e,iéenVo\\ue. 7 A,

Sor Sjmme"k'\c, AR




RH P\\-\ K“S has e\ée.v\\lm\ues \n [W\.\

(1@@\3)2(1@({\.0

= Pu(199)2(T89)
4—'5}‘C1595;Y716332”Rw;)
r ¥, (TORY) Z(1®9)
+ (zeRpz(Ieky)

\ \ ~6 '\ 'Z\g-mg ?“QA\AC:‘ Z((o W)

\e:\- (’ he d (E%'“\Qr (H v\ be OLD-degree expandec)
H be dg ve.gu\o;(‘ w/ A verfices

veiices: V XNy = 1 (u,0): weNp, ve Vs

edges: Soc (v, \DeVNE, ¥ ¥k eD\:
The (kKD nagioor o (ni) i (4,1

v v V! V. v
< .1> (a) (.1) (b) (‘2> (C) < .2> (d) (.2)
11 12 22 13 14

o (a)is tanfm to its kith neighbor

o (b) m 1 to th th utg ng ghb f
()mv f om iy to i3 where v; is the isth ne ghb of vy.
o (d) moves i3 to t ko th ghb in H.

(so Z(GW) s d;*-regw\m

leY Ry=¥andorn walk Sor ¥

wWrite candem walk Sor Z(G M)

05 (T6RY) Z(TRY) where

*(ToRy) Takes (andom sep n W,
\eoves G-coocdnale Fixed

where:

* Z does Acfermmshic ""-ﬂ' 7-0«5, Slep
Tensoc produdd I®Ry,
IR is lnear wap on W\\N\

(@BRNN), = RyXy
whee Xy= v vow o5 X,

I®(AIR) = I®A + I®R
I A¥RN £ LA+ 1R\

NABN < AW WRN
\ A®R) £WAW W8\



/ . 0~ Zon CoAnd Z(
RH: P\\.\" K“S has e\a&v\\lm\ues \n {W\.\'\, \:6\.\’\ Z\s% . %e ?C;A T 26

H be o\o'\'e.gu\a(‘ w/ A wverfices

(1®RHXZ(I®R\D verfices: N xNy= 1 (v ueNj,, veVys

e.dge,sz Soc (v‘.'\De\l@NE , \s\,kzefc\o‘\',

- B:\’(]"® 632' (1®6) The (K kDt weighoor oF (i) i (1)
+ Ty (EBNZ(TORY) R

e:
/ o (a) is a step in H from i; to its kith neighbor, .
o (b) moves v; to the isth outgoing neighbor of vy, vs.
“ I o (c) moves from iy to i3 where v is the i3th neighbor of vs.
“ o (d) moves i3 to its koth neighbor in H.
(so Z(6,1) 3¢ d5-vegnar)

-\- (laﬂg)Z(XQR\"\) \eX Ru=Candom walk Sor W

— ° L ° ((9 H\
. ?\ write candem walk Sor Z(G,
& / < 0\'\60‘“ eI Wy Y\ 0 (i®R\-D 2(1®R\D whece:

(I®$3'Z Li@ 53 *(ToRy) Takes (andom sep n W,

‘C . A \eowes G-coocdinaie Fixed
S"e? ™ G k%e’ Q“ “ «Z O\OQ—S dderm'“{\s“c "7-.‘3_'7-35_ §€P

Tensoc produd I®Ry,
TR, is lnear wap on R

=> o ond '
"7 T oNnaom S‘QQ W (J } R(,®6 ((TeRNN), = Ry%y

. . whee Xy= v vow o5 K.
e, 2% Wi N !
fomA \‘QVT K W I®(AYR) = I®A + I®Y

Il A¥RN £ LA+ 1R\

NABN < AW WRN
\ A®R) £ VAN W8\

wWol

(H W\ be ON-degree exponder)




4
_ _ ‘ ) AT OA\A-‘ Z((?H
RH - P\\_\ K“S has evgew Aues \n [W\-\ \! ’\ \e% Z‘“%e Pc: m%::\ar . 3@ i

(1@@“\Z(I®R\D H be d, “reguas w/ d veftices

veiices: V XNy = 1 (u,0): ueNp,, ve Vs

- p N edaes: Soc (v.ideNexNe ¥ k,eDd -
- 8 uw'y o™ Ve, (Viar o3
a_\ (1® 6)2' (1®6) , The (%, kD m'\a\\‘oor o5 (v,i)) o (V-,,,'n.b
+ Ty (@® 5)2(1®R“) ()= ()= () = () = ()
where:
/ o (a)is tp n H from i, to tkth hbor,z’Q.
t ¥y, (TORY) Z(2®5) i

p ’ (so Z(GW) s d3-vegulac)
+ (1@RDZ(IBRY) le¥ Ru= Condhorn vl Sor ¥
wWeite candeom walk Sor Z.((:,\'“

(I®63 z Li@ 53 = R ®$ os (TeRy) Z(ToRy) whece:

*(ToRy) Takes (andom slep n W,

EFO\J AR hos e:\a.a\\‘ olues 7‘/\)‘6 whe (2’5 \QQVQ.S ()—C-OO(A.\MVQ. g\xed
- A s o eigerneue S A * Z does defecmnishc “zig- zay Jep
715 —— B® : N

i-----------------------------------------------------i Tensoc pfoo\mcj I@R\.\.
IR is lnear wap on R
(@eRDK), = Ry¥y
whee Xy= v vow o5 X,
IH(AYR) = I®A + I®R
LAYRN < VAN + 1R\
N ABH £ NA) LR
\ A®R) £WAW W8\



Zioy zoq ?“QAMC‘ VA(CR)!
let G be - cegular

(H v\ be OO-0\ o

4
RH: P\\-\" K“S has e,‘\ge.mo\\ues W [U“'\, \’W\;\
e M be dorelos w/ 8 vorfees
(1@@“\Z(I®R\D veilices: \IGX\J\_\Q-‘%i (w,W): ueNg,, VeV

e.dge,sz Soc (V‘.'\De\l(,x\la , \s\,kzefc\o‘\',

- B:\’(I’® 632' (1®$) The (K kDt weighoor oF (i) i (1)
+ Ty ([EBNHZ([TVRy) (=)= () = () =

where
e (a)is a step in H from i; to its k1th neighbor, is.

/ (a) is
o (b) moves v; to the isth outgoing neighbor of vy, vs.
“ “ 2 I o (c) moves from iy to i3 where v is the i3th neighbor of vs.

« () moves i3 to its ksth neighbor in H.
p ’ (so Z(GW) is d3-vegulac)
+ (I'®R\'\)Z(X®R“) leY Ry=¥andorn walk Sor ¥
wWrite candem walk Sor Z(G M)
0s (THRY) Z(ToRy) where
*(ToRy) Takes (andom sep n W,
\eoves G-coocdinae Fixed

(I Z(TDRY )
«Z d Secmmishic ‘ziq-zaq &
POARL ‘L ] e -‘;e\'(e,hso:S‘pfoo\mc‘,% xch: :

TR, is lnear wap on R

ze9)2Eek) <) < |- 8y (i,

I®(AIR) = I®A + I®R

I A¥RN £ LA+ 1R\
5 NABN £ HAY LR
\ A®R) £WAW W8\




l/ _ _ ‘ ) Zio- 200 | Z((o\‘n
RH- P\\.\ K“S has e\ée.v\\lm\\k% N [W\-\ \! ’\ \s% G %e?d Qe

(RN Z(ETBR) e deoas i & e

veiices: V XNy = 1 (u,0): ueNp, ve Vs

- » N eo\ge.s: Soc (v, DENXNE, ¥ &€\
- a-\ (1® 632' (1®$) , The  (k, kD mié\\bo( o5 (v 15 (4,1Q)
+ Ty (I® 5)2(1®R“) h ()= ()= () = () = ()
[ () tp n H from i, to tkth ghbor,ig.
t ¥, (TSR Z(1@9)  EL B

p ’ (so Z(GN) is d3-vegulac)
-\_ (I'®R\'\)Z(X®R“) leY Ry=¥andorn walk Sor ¥
write candem walk Sor Z(G M)
' os (TORY) Z(TORY) where
l\(I@ R\.\\ z (I@S) I\ é \’ KH ‘(1693\-0 Tales Candom S'Ye,p w R,
\eoves G-coocdinae Fixed
* Z does Afermimsiic "7-\3‘ 7-0«;; Fep
Tensor produd I®R,,
IR, is lnear wap on W\V“\

((1®R\'DX‘) - R“XV
whee Xy= v vow o5 X,
ISO(ATR) = I®A + I®Q

Il A¥RN £ LA+ 1R\

NABN < AW WRN
\ A®R) £VAN W8\



'Z'\g- zoq pfoAvﬂ Z((:,H)
let G be - cegular

(H v\ e OO~ degree @xporder)

/
RH: P\\-\" K“S has e‘\gemo\\ues W [U“'\, \’W\;\
H be do-reguac W/ d verfices
(RN Z(ETBR,) S T

e.dge,sz Soc (V‘.'\De\l(,x\la , \s\,kzefc\o‘\',

- B:\’(I’® 632' (1®$) The (ks veighooe o5 (i) i (4,i)
+ T(EBNZ(TORY) ()= () =)= () = 2

where
e (a)is a step in H from i; to its k1th neighbor, is.

/ (a) is
o (b) moves v; to the isth outgoing neighbor of vy, vs.
H “ 2 I o (c) moves from iy to i3 where v is the i3th neighbor of vs.

o (d) moves i3 to its koth neighbor in H.
(so Z(6,1) is d5-vegnar)

-\— (I@R(_\)Z(S-®R\"\) \eX Riu=Yandom walk Sor W

wWeite candeom walk Sor Z.((:,\'“
0s (TORY) Z(TeRy) where

J 2 2
‘\ (IQP\(.‘)Z(S-®R \'\)\\ é. M'L = (,\’ (‘a\ *(ToRy) Takes (andom sep n W,
W W \eoves G-coordinae Fixed
M ML * Z does ddierminishc “ziq- 7-0«;; Sep
2 Tensor pfoo\mc‘} I®Ry

IR, is lnear wap on W\V“\
(@eRNYN), = RyXy
whece Xy= v vow o5 K.
I®ATR) = I®A + IR
TAYBN £ WAL+ 1R
NABN £ WAN WR)
)\ A®R) £ VAN W&l



R;_\: P\\-\" K“S has e,‘\ge.mo\\ues W [U“'\, \’W\;\

(RN Z(ETBR)
= 3, (189)2(389)
+ Ty (I®NZ(TORY)
r ¥, (TORY) Z(z®9)

(I®R
+ (IQR Z)'Z(i ‘Q\-\)

'Z'\g- zoq pfoAvﬂ Z((:,H)
\e:\- (’ he d (E%'“\Qr (H v\ be OLD-degree expandec)
H be o, \'e.gu\o«‘ w/ A werhees

veiices: V XNy = 1 (u,0): ueNp, ve Vs

edges: Soc (v, \DeVNg, ¥ ¥k eD\:
The (K, kD mié\\bo( o5 (v i (4,\Q)

v v V! V. v
< .1> (a) (.1) (b) (‘2> (C) < .2> (d) (.2)
11 12 22 13 14

o (a)is tanfm to its kith neighbor

o (b) m 1 to th th utg ng ghb f

. ()mv f om iy to i3 where v; is the isth ne ghb of vy.
o (d) moves i3 to t kth ghb in H.

(s0 Z(GW) s d:-reg“\m

leY Ry=¥andorn walk Sor ¥

wWrite candem walk Sor Z(G M)

05 (T6RY) Z(TRY) where

*(ToRy) Takes (andom sep n W,
\eoves G-coocdnale Fixed

where:

* Z does Aefermmsic "7-\3’ 7-0«;; Fep
Tensoc produd I®Ry,
IR, is lnear wap on W\V“\
(@R, = Ryky
whee Xy= v vow o5 X,
IGATR) = I®A ¥ I®R
ITAYBYN < VAN + 1R
AR £ AN WRW
\ A®R) £NAN Wel\



AN oWy '\'cae,‘\\ne.r:

Yo xeR™® ortvoaovd Yo f\l_\"“f \x\\=1,
&y, (RN ZETBR,) x>

g
=% We& (R ®5)x7£0-F)
+ 0y £, S Z(I@R;D’X7 "% (\‘K\:D

F ¥, <%, (TR Z(T@S) %y < =Ty,
b &y, (x@R)Zz(I8Ry) xz < Q_@z

/

Z d T
LY (\@ﬂi‘é Qr,) s

LAY Rl X
z = % 5 -2(
/}__ 6/(76' N \ 24§, ¥ /):L
/




