













































































Reducing randomness

w random walks
















































































Probability andtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
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Hitting times Connectivity
in Ollogn spaceCover times

Electrical networks
cemmaita.at usame eEicIiiw

iiiiii.fi iiTheorem s 2mn
iman

EE f sIf Irandomwalkterminology ifiiiiiifig.fis 2
HittingtimeHCsT expected steps until a
randomwalkfrom s reaches 5 I i

Hanton I EEEiIEEs.os 71
CovertimeCCs expected steps until a 2m amino
randomwalkfrom s visitsevery vertex

1unitflow
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Spectral theorem
for symmetric maps

Spectral analysis of
random walks
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Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts

Conductance based

mixing time
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Expanders Deterministic

Zig zag product
Connectivity in

Ollogn space
tensors
















































































Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhas an eigenvect
XEAV W eigenvalue 1 If G is stronglyconnect
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let RRUINberandomwalkmapG is an expander if the thenRhasstationarydistr sear w

degas aweso Left WEE

Expander graphs

spectral gap 8 is at least a constant
Theorem let 8 1 max uzlun

1113 CIOVE

Q deterministic connectivity for

constant degree expanders

Diameter Ollog n

Oct random bits per random step

enumerate all paths of length Ollogn
















































































Theorem OClog n space poly time Reingold 2005

deterministic connectivity in undirected graphs

tigh level idea

convert 6 into 04 degree expander

by sequence of graph transformations

graph transformations applied implicitly due to space constraints

de randomize the random walk

algo implicitly on the expander

LemmaOllogn space poly tim
deterministicconnectivity in
Oct degree expanders
















































































Towering

Gk graph w an edge for every k step walk in G

w repetition

random walk R has eigenvalues 1 Mt m unk

81614 1 1 8161

degree increases from d to d
















































































Zig zag product Z G H FF EIlet 6 be d regular
It be do regular w d vertices it will be our degreeexpand

vertices VoxVy Cy v nevo ve Va

edges for v iDeVoxVit K kzEEdo

the Ck kz th neighbor of Cv i is rain where

y

so 2 G H is di regular
















































































Powering

GK Z GH
Gk graph w edgeforeverykstepwalkin

N Md w repetition

randomwalkR haseigenvalues 1ME n n

81614 I 18161d's

vertices

dy
zigzagproduct210
degree increases from d to d

let 6 bedregular

spectral gap 1 t 8 214 It bedoregularw dverticesatwinbeousdegreeexp
verticesVoxVy yr uevovery
edges for v iDeVoxVe kikzetdo

degree

mean neighbor oshi e

so216A isderegular

vertices

263A
nd

degree

spectral gap

do

1 1 86576,2 286 88 2,7
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classes RP and BPP More efficient
amplification

tensors of graphs
Efficient construction

of exponentially

large expanders
















































































A language L is in

P s there
anomialtime

l s a det polytime algo to decide if ye L

RP if there's a random polytime algo that on input xndomizedpolynomialtime

if XEL decides Xel w constant prob
if x L always decides XEL

BPP if there's a random polytime algo that on input x
08151 Ynmialtime

if Xel decides Xel w prob 2213

if 4L decides XEL w prob 243
















































































A language L is in

no error P
polynomialtime

if there is a det polytime algo to decide if ye L

RP if there random
randomizedpolynomialtime

s a Polytime algo that on input x
one sided
error if XEL decides Xel w constant prob

if x L always decides XEL

BPP if there's a random polytime algo that on input xboundederror
probabilisticpolynomialtimetwo sided

if Xel decides Xel w prob 2213
error

if 4L decides XEL w prob 243
















































































A language L is in
PNO error

polynomialtime if thereis a det polytimealgo to decide if xe

Onesided c.atmizPeapaytnfamimethere's a random polytimealgothat on inputx

error if XEL decides Xel w constantprob
if x L alwaysdecides XEL

BPP ifthere's a randompolytimealgothat on inputxTwosided bro
digging

L decides Xel w prob 3error
if 4L decidesXEL w prob243

P E RP E BPP

we don't know if they are distinct

major question of field of pseudorandomness
















































































Amplification 1h pittathere's a random polytimealgothat on input

if XEL decides XEL w constantprob
if x L always decides XEL

let LERP

algo w false negative error prob say 12

using say m random bits

how to reduce error prob to 8

I run algo Ol log Ys times

2 Output disjunction or of all trials

total of random bits

Olm log Ys

Better
















































































BPP if there's a random polytimealgo that on inputAmplification ÉÉÉL decides Xel w prob2213
if 4L decides XEL w prob243

let LEBPP

algo w error prob 43 on both sides

using say m random bits

how to reduce error prob to 8

I run algo Ol log Ys times

2 Output majority decision over all trials

total of random bits

Olm log Ys

Better
















































































cranaBmizPedpaynonfanimethere's a random polytimealgothat on input

if XEL decides XEL w constantprob
if x L always decides XEL

BPP ifthere's a random polytimealgothat on inputx
pro
digging

L decides yet w prob223
if x L decidesXEL w prob243

Theorem

Given RP BPP algo one can get error prob 8 w

Ollogl's factor increase in running time

Ollogl's additional random bits

ideas
















































































heorem c.fmeapajnfamthere's a random polytimealgothat on inputx

if XEL decides Xel w constantprobGiven RP BPPalgo one can get error prob 8 w if x L alwaysdecidesXEL
O log 18 factor increase in running time BPP isthere's a randompolytimealgothat oninputx

Tj L decides Xel w prob223Ollogl's additional random bits
if 4L decidesXEL w prob243

Tigh level idea expander amplification
00000000

00000001

00000010 00000011
make constant degree 00000100 00000101

00000110

expander G V E

w V 0,23m

Take random walk
Vi Vt E 0,23m

W t OUog 8

use each v as random

bits for ith instance
of algo
















































































heorem 1liapaytnfamthere's a random polytimealgothat on inputx
if XEL decides Xel w constantprobGiven RP BPPalgo one can get error prob 8 w if x L alwaysdecidesXEL

O log 18 factor increase in running time BPP isthere's a randompolytimealgothat oninputx
dig decides Xel w prob223Ollogl's additional random bits
if 4L decidesXEL w prob243

a.gs
iItg

itlybkits g.oig
00000001

M random bits 00000010 000000
make constantdegree ooooo100 00000101To Sample V expander G V E 0000010

W V 0,23m

OLD random bit Take random walk
per Vi i I Vi mute 0,23m

W t OUog 8

intuitively use each v as random
random walk on bits for ith instance
expander is like of algouniform sampling
















































































IdizPeapaynontanimethere's a random polytimealgothat oninput

ifXEL decides Xel w constantprob
if x L alwaysdecidesXELexpander G V E Vi mute 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W 4 0 logis of algo ÉÉÉÉLdecides Xel w prob2213

yj.fm
L decidesXEL w prob223

d

consider RP one sided error GivenRPBPPalgo onecangeterror probsw
Ollogl's factorincrease inrunningtime

a re 0,137 bad d

ooooono

00000001makes error w V as random bits
00000010 00000011

00000100 00000101

let B bad v

IF I forexample

II griticationfails iff entire random
















































































IdizPedpatontanimethere's a random polytimealgothat oninput

ifXEL decides Xel w constantprobmakeconstantdegree Take randomwalk if x L alwaysdecidesXELexpander G W E

w

useeach Vi as random
Vi VtE 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m of algo ÉÉÉÉLdecides Xel w prob2213

Tgif
L decidesXEL w prob223

d

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Lemma oooooooo
ooooooo

00000010 ooooo
00000100 oooooG regular undirected w spectralgap 8

B CV M IBI IV1

random walk U N Vt v unit random

consider RP conesidederror
Pr Tv WEB E 1 Iu 87 call re 0,23m bad ifalg

makes error w V asrandom6

let B bad v
expanderamplification
fails iff entirerandom
walk is in B
















































































ighlevel idea III iit.amhere's a random polytimealgothat oninput
ifXEL decidesXELw constantprobmakeconstantdegree take randomwalk useeach v as random
if x L alwaysdecides L

expander G V E v m Vte 0,13m bits for ith instance I I here's a randompolytimealgothat oninputxw V 0,23m
w O log 8 of a go if xeL decides Xel w prob

y
decides X L w prob

consider BPP two sided error GivenRPBPPalgo onecangeterror probSw
Olloges factorincrease inrunningtime

Ollogl's additional randombits

call re 0,23m bad if algo 00000000

makes error w V as random bits 00000001

00000010 00000011

00000100 00000101
00000110

let 13 bad v3

1B forexample
3

expander amplification
fails iff at least half of

random walk is in B
















































































ighlevel idea
ftp.apajfamethere's arandom polytimealgothat oninput

ifXEL decides Xel w constantprob
if x L alwaysdecidesXELexpander G V E Vi VtE 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W T O logis of algo ÉÉÉÉLdecides Xel w prob2213

y
math

decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Ollogl's additional randombits

Lemma expander Chernoff ooooooo

00000010 ooooo
00000100 oooooG regular undirected w spectralgap 8

random walk U N Vt v unit random

f V To I M E flu w rev unis random

consider BPP twosidederfor E B E 0,1 call re 0,23m bad if al
makes error w V asrandom

let B bad v

IF I forexample

Pr It Éf Vi n z gutB I eek etc p
expanderamplification
failsifs atleasthalf of
randomwalk is in B

I e
EKce B
















































































IdizPeapaynontanimethere's a random polytimealgothat oninput

ifXEL decides Xel w constantprob
if x L alwaysdecidesXELexpander G V E Vi mute 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W 4 0 logis of algo ÉÉÉÉLdecides Xel w prob2213

yj.fm
L decidesXEL w prob223

d

consider RP one sided error GivenRPBPPalgo onecangeterror probsw
Ollogl's factorincrease inrunningtime

a re 0,137 bad d

ooooono

00000001makes error w V as random bits
00000010 00000011

00000100 00000101

let B bad v

IF I forexample

II griticationfails iff entire random
















































































IdizPedpatontanimethere's a random polytimealgothat oninput

ifXEL decides Xel w constantprobmakeconstantdegree Take randomwalk if x L alwaysdecidesXELexpander G W E

w

useeach Vi as random
Vi VtE 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m of algo ÉÉÉÉLdecides Xel w prob2213

Tgif
L decidesXEL w prob223

d

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Lemma oooooooo
ooooooo

00000010 ooooo
00000100 oooooG regular undirected w spectralgap 8

B CV M IBI IV1

random walk U N Vt v unit random

consider RP conesidederror
Pr Tv WEB E 1 Iu 87 call re 0,23m bad ifalg

makes error w V asrandom6

let B bad v
expanderamplification
fails iff entirerandom
walk is in B
















































































IEPeapattanimethere's a random polytimealgothat oninput
MMA ifXEL decides Xel w constantprob

if x L alwaysdecidesXEL
BPPifthere's a randompolytimealgothat oninputXG regular undirected w spectralgap 8 ÉÉÉ decides xel w prob s
ygjfmX4L

decidesXEL w prob22313 CV M IBI IV1
GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimerandom Walk U N Vt Vi unit random ollogos additional randombits

oooooooo
oooooooPr Tv WEB E 1 I 07 00000010 ooooo

00000100 oooooooooono

Proof let B random walk matrix

def PIRSIR by Px Xv if VEB
o otherwise

consider RP conesidederror
call re 0,23m bad ifalg1 drop mass outside B makes error w u casrandomb

let B bad v

PRP 2 Take random step expanderamplification
fails iff entirerandom

3 drop mass outside B walk is in B
















































































Jj
Py XV if VEB BCV M IBI NI ifXEL decides xel w constantprob

randomwalk Y N Vt r unisrandom if x L alwaysdecidesXEL
O otherwise BPPifthere's a randompolytimealgothat oninputx

edifice decides Xel w prob223

y f 4L
decidesXEL w prob223

1 drop mass outside B GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

ppp ology additional randombits2 take random step

ooooo

ooooooo3 drop mass outside B 00000010 ooooo
ooooo ooooo

I PRPHIN prob Vi Vt EB

51 Irrfan SYSTEMSNPRPIT
consider RP conesidederror
call re 0,23m bad ifalgwhere 11 11 operator norm max abs eigenvalue makes error w V asrandom

let B bad v
expanderamplification

claim IIPRPHE I In 8 fails iff entirerandom
walk is in B

whichcompletes the proof












































G regular w specgap8 a.fm
eapajnfamthere's a random polytimealgothat oninput

13CV M BI V1 ifXEL decides Xel w constantprobclaim I PRP KI CI ult if x L alwaysdecidesXEL
BPPifthere's a randompolytimealgothat oninputx
t jjILLdecides Xel w prob223

G regular R Symmetric if x L decides tell w prob243
Theorem

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

13
1 1 Mzuzu t t Mn unarm Ollogl's additional randombits

oooooooo
ooooooo

00000010 ooooo

I IOI t R W R I 1 8 ooooo oooooooooono

PRP

consider RP conesidederror
call re 0,23m bad ifalg
makes error w V asrandom

let B bad v
expanderamplification
fails iff entirerandom
walk is in B



G regular w specgap8 a.fmeapa
jnfamthere's arandom polytimealgothat oninput

13CV M IB V1 ifXEL decides Xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputxbro
digitaldecides Xel w prob223
if 4L decidesXEL w prob243

Theorem

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Ollogl's additional randombits
oooooooo
ooooooo

00000010 ooooo
ooooo oooooooooono

consider RP conesidederror
call re 0,23m bad ifalg
makes error w V asrandom

let B bad v
expanderamplification
fails iff entirerandom
walk is in B



IdizPedpattanimethere's arandom polytimealgothat oninput

ifXEL decides Xel w constantprobmakeconstantdegree Take randomwalk useeach v as random
if x L alwaysdecidesXELexpander G V E v mute 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W 4 0 logis of algo ÉÉÉÉLdecides Xel w prob2213

Tgif
L decidesXEL w prob223

d

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

ooooooooIggy my o
00000010 ooooo
ooooo oooooooooono

G regular undirected w spectralgap 8
B CV M IBI IV1

random walk U N Vt v unit random

consider RP conesidederror
call re 0,23m bad ifalgPr Tv WEB E 1 Iu 87 makes error w V asrandom6

let B bad v
expanderamplification
fails iff entirerandom
walk is in B



ighlevel idea
ftp.apajfamthere's arandom polytimealgothat oninput

ifXEL decides Xel w constantprob
if x L alwaysdecidesXELexpander G V E Vi mute 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W T O logis of algo ÉÉÉÉLdecides Xel w prob2213

yjfmX4L
decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Ollogl's additional randombits

Lemma expander Chernoff ooooooo

00000010 ooooo
00000100 oooooG regular undirected w spectralgap 8

l E o

random walk U N Vt v unit random

f V TO I M E flu w rev unis random

consider BPP twosidederfor BELO I call re 0,23m bad if al
makes error w V asrandom

let B bad v

IF I forexample

Pr It Éf Vi n z gutB I eek etc p
expanderamplification
failsifs atleasthalf of
randomwalk is in B

I e
EKce B



G regular w specgap y
1hpattanithere's arandom polytimealgothat oninput
ifXEL decides Xel w constantprob

F V TO I M E f v if x L alwaysdecidesXEL
BPPifthere's a randompolytimealgothat oninputx

DJ 00

E BE 0,1 t j eL decides Xel w prob243
yjfmX4L

decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Ollogl's additional randombits
pffupt TSUI X

oooooooo

I E et flu t FUN noooI e ta ooooo ooooo

F diaglets m etstunLet

claim Eleteswit sun ISI FCBF as consider BPP twosidederr
call re 0,23m bad ifalg
makeserror w V asrandom

FR Eflake a step collect est let B bad is

IF I Forexample

expanderamplification
failsifs atleasthalfofFRYE ELTake k steps collect es each step randomwalk is in B



F V7TO I M E FL
IEPeaponinfanimethere's a random polytimealgothat oninput

f Vi tuff ve Z X if Xel decides xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputx

I Jet flu t tFCK TX ÉÉÉLdecides xel w prob2213
if 4L decidesXEL w prob243

Theorem

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimeLet diag ett

M M
Ollogl's additional randombits

oooooooo
ooooooo

ooooooo ooooo

E et flu tart fun 1 F RF d oooo oooo

Let R FCI0I R WI ARTIE I J E

claim 11EUR FYI s Eet
consider BPP twosidederr
call re 0,23m bad ifalg
makeserror w V asrandom

let B bad v

IF I Forexample

expanderamplification
failsifs atleasthalfof
randomwalk is in B



F V7TO I M E flu 1hPapastathere's a random polytimealgothat oninput

f Vi tuff ve Z X if Xel decides xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputx

I et flu t tFCK TX ÉÉÉLdecides xel w prob243

yjfmX4L
decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimeLet diag ett

M M
Ollogl's additional randombits

oooooooo
ooooooo

ooooooo ooooo

E et flu tart fun 1 F RF d oooo oooo

Let B ECHOI R WI ARTIE I J E

I FUR FUI S Eet
consider BPP twosidederr

claim 11 F 2 101 F 211 E E et I callreso.am bad isalg
makeserror w V asrandom

let B bad v

IF I Forexample

expanderamplification
failsifs atleasthalfof
randomwalk is in B



F V7TO I M E flu 1hPapattathere's arandom polytimealgothat oninput

If Vi tuff ve Z X if Xel decides xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputx

I et flu t tFCK TX ÉÉÉÉL decides xel w prob243

yjfmX4L
decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimeLet diag ett

M M
Ollogl's additional randombits

oooooooo
ooooooo

ooooooo ooooo

E et flu tart fun I 1 F RF d oooo oooo

Let B ECHOI R WI ARTIE I T E

I FUR FUI S Eet
consider BPP twosidederr

11 F 2 101 FKA I E IN callreeo.am bad isalg
makeserror w V asrandom

let B bad v

IF I Forexample

HF RF IS expanderamplification
failsifs atleasthalfof
randomwalk is in B



F V7TO I M E flu 1hPapattathere's arandom polytimealgothat oninput

If Vi t m tf ve Z X if Xel decides xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputx

I et flu t t fly
g
TX ÉÉÉÉL decides xel w prob243

yjfmX4L
decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimeLet diag ett

M M
Ollogl's additional randombits

oooooooo
ooooooo

ooooooo ooooo

E et flu tart fun I 1 F RF d oooo oooo

Let B ECHOI R WI ARTIE I J E

I FUR FUI S Eet
consider BPP twosidederr

11 F 2 101 FKA I E IN callreeo.am bad isalg
makeserror w V asrandom

let B bad v

IF I Forexample

IF RF IS Ttt Etu expanderamplification
failsifs atleasthalfof
randomwalk is in B



F V7TO I M E FL LEEpattathere's arandom polytimealgothat oninput

If V t m tf ve Z X if Xel decides xel w constantprob
if x L alwaysdecidesXEL

BPPifthere's a randompolytimealgothat oninputx

I Jet flu t tFCK TX iÉÉÉLdecides xel w prob2213
if x L decidesXEL w prob243

Theorem

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtimeLet diag ett

M M
Ollogl's additional randombits

oooooooo
ooooooo

ooooooo ooooo

E et flu tart fun 1 F RF d oooo oooo

IF RF IS Ttt Etu

ISI FCRF I I
consider BPP twosidederr
call re 0,23m bad ifalg
makeserror w V asrandom

let B bad v

IF I Forexample

expanderamplification
failsifs atleasthalfof
randomwalk is in B



c.IEpjitaimethere's a random polytimealgothat oninput

ifXEL decidesXELw constantprob
if x L alwaysdecides L

FEEL there's a randompolytimealgothat oninputx
ifXELdecidesXEL w prob
if X L decides X L w prob

Theorem

GivenRPBPPalgo onecangeterror probSw
Ologs factorincrease inrunningtime

Ollogl's additional randombits
00000000

0000000

00000010 0000001
0000100 0000010

oooono

consider BPP twosidederr
call re 0,23m bad ifalg
makeserror w asrandom

let 13 badv3
1B forexample

expanderamplification
failsiff atleasthalfof
randomwalk is in B



ighlevel idea
ftp.apajfamthere's arandom polytimealgothat oninput

ifXEL decides Xel w constantprob
if x L alwaysdecidesXELexpander G V E Vi VtE 0,23m bits for ith instance BPPifthere's a randompolytimealgothat oninputxW V 0,23m

W 4 0 logis of algo ÉÉÉÉLdecides Xel w prob2213

WefmX4L
decidesXEL w prob223

GivenRPBPPalgo onecangeterror probSw
Ollogl's factorincrease inrunningtime

Ollogl's additional randombitsIemma expander Chernoff ooooooo

00000010 ooooo
00000100 oooooG regular undirected w spectralgap F

l E o

random walk U N Vt v unit random

f V TO IT M E flu w rev unis random

consider BPP twosidederfor BELO I call re 0,23m bad if al
makes error w V asrandom

let B bad v

BfEt forexample

Pr It flu M z gutB I eek Estep
expanderamplification
failsifs atleasthalf of

j randomwalk is in B

I e
EKce B



heorem canopiedpattathere's a random polytimealgothat on inputx

if XEL decides Xel w constantprobGiven RP BPPalgo one can get error prob 8 w if x L alwaysdecidesXEL
O log 18 factor increase in running time BPP isthere's a randompolytimealgothat oninputx

jj L decides Xel w prob223Ollogl's additional random bits
if x L decides x L w prob243

Tigh level idea expander amplification
00000000

00000001

00000010 00000011
make constant degree 00000100 00000101

00000110

expander G V E

W V 0,23m

Take random walk
Vi Vt E 0,23m

W t OUog 8

use each v as random

bits for ith instance
of algo



heorem canopiedpattathere's a random polytimealgothat on inputx

if XEL decides Xel w constantprobGiven RP BPPalgo one can get error prob 8 w if x L alwaysdecidesXEL
O log 18 factor increase in running time BPP isthere's a randompolytimealgothat oninputx

jj L decides Xel w prob223Ollogl's additional random bits
if x L decides x L w prob243

Tigh level idea expander amplification
00000000

00000001

00000010 00000011
make constant degree 00000100 00000101

00000110

expander G V E

W V 0,23m

Take random walk
Vi Vt E 0,23m

W t OUog 8

use each v as random

bits for ith instance
of algo



et H be constant degree expander
w degree d do vertices 82718

G H graph tensor product

6 1 266 0 6 51 H
7

zigzagproduct



Towering

Gk graph w an edge for every k step walk in G

w repetition

random walk R has eigenvalues 1 Mt m unk

81614 1 1 8161

degree increases from d to d



Zig zag product Z G H FF EIlet 6 be d regular
It be do regular w d vertices it will be our degreeexpand

vertices VoxVy Cy v nevo ve Va

edges for v iDeVoxVit K kzEEdo

the Ck kz th neighbor of Cv i is rain where

y

so 2 G H is di regular



Zig zag product Z GH
let 6 be d regular
It be doregular w d vertices itwillbeourdegreeexpand

vertices VoxVy Cyv nevo veVy

edges for v iDeVoxVe kikzeEdo
the Ck kz th neighbor of Cv i is rain where

Lemma Z GIH has
nd vertices

so 2 GH is df regular

degree d
spectral gap 868,7 n



et H be constant degree expander
w degree d do vertices 82718

G H graph tensor product

6 1 266 0 6 51 H
7

zigzagproduct



Tensor products
for AERM'M BeBnn

A B is a linear map on Rm defined by

AO B C ACB for CER man

special case

A B cod Ac Bd CEB de B

Fact A B has eigenvalues AAIB where

XA is an eigenvalue of A

TB mm B



Tensor product IQRA

IQRA is a linear map on IR
d
defined by

I RAN RyXv XERV'd

where Xv nth row of X

Fact I ATB IOA t IOB



Graph tensor

let G Y E GE V2 Ez

6,062 Vix Vz E XE

V xVz Y V2 V EV VzEVz
E xEz Capua CyV2 Cui VEE Cuz a C Ez

if R random walk for G

RE 62

Then R Bz random walk for 6,062



et H be constant degree expander
w degree d D8 vertices 8278

6 H

6 1
2 6 06 51 H

G graph w edge forevery kstepwalk
w repetition

81619 1 1 8167
degree increases from d to d

Lemma Z GIH has
graph G G G 6067 2116065 H and vertices

degree d
spectral gap8685vertices n

Fact A B has eigenvalues XAXB

degree 12 w XA is an eigenvalue of A
XB mn B

8 8





Id paintatimethere's a random polytimealgothat on input

if XEL decides XEL w constantprob
if x L always decides L

FEEL there's a random polytimealgothat on inputx

if XEL decides XEL w prob
if X L decides X L w prob

Theorem

Given RP BPP algo one can get error prob 8 w

O log s factor increase in running time

O log 8 additional random bits

ideas



theorem a.PH ii.taninethere's a random polytimealgothat on inputx

if XEL decidesXEL w constantprobGiven RP BPPalgo one can get error prob 8 w if x L alwaysdecides EL
O log s factor increase in running time FEEL there's a randompolytimealgothat oninputx

O log 8 additional random bits if xel decides xel w prob
if X L decides X L w prob

00000000

High level idea expander amplification 00000001

00000010 00000011
make constant degree 00000100 00000101

00000110

expander G V E

w 0,23m

take random walk
i

m VTE 0,13m

w O log 8

use each v as random

bits for ith instance
of algo


