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let B={bad v%
. nole. M5 oy
clowm. IPRPNZ 1 -0-)T = WY X8n R o i

wolkk s \n

(winch C.Om\a\e'xe.s The ?rooSJB



G reavar w/ spec opp ¥ (WBMPA W\S'yuo.'s o Yondow. polytime olgo Y, on el X:

\Q. ‘ ‘\ PRP l\ 4 \ —L\ - 3{ B CV, M= \B\/lv‘ s ‘X(:Ll decides Xel wl condladt ‘M"OB_
c \m ¢ - M °\& XEL, Q\WO\\I,S decdes AEL
(XB?PjSMS o Yondom. 90\\,‘\‘\"“2, A%o thal, on wnpd¥ x:
* 1§ xel, decdes Xel wi prod 2%

G (zgu\c\r = R s\Ivnme'.'(("\c, %S dL, duides 1L vl prch 35

Theotem )
Gven RP/BPP algo, one can get excor gcdo o w/
Aol
R - —T '* ”z(\l?.@ \fa * - * Mﬂ (“n@“m) . O(\O%L\/im odditional random bits

’ OL\cg(‘/g,))—g.qa-o\, merease (wrm\“g e

= Lo+ R W/ WY

lPeek X pe P + PRIP
B\ [
- L(prorr) YVRP

COT\S.\AQA’ RP (one-sided escoc)
call vefo 3" “bod 1§ algo

F o 1€
2| ;E (4593 P ¥ | ek ot vl 4 i

let B=%bad v%

expander omg\iication

- KE %h#<px ] R'P‘A'? Sonls 195 @ifice random
- wolkk & \n B
4564l 8 ol

‘e = Y\ O



€) (e,gv\\w( wl S?Q.C. 3;\9 K Bﬁ de\S' hﬁ"""s o fondom. polyiiwme q\%e hal, on wpdl x:
Becv, m=18\/IVI 1§ %el, decides XeL wl congiot prok,
& XEL, Q\wq~15 decdes AEL
(B‘?PﬁMS o Yondom. 90\\,‘\"m A%o thal, on Wnpd¥ x:
* 1§ xel, decides Xel wl prob 2%3
* 1§ x4L, decdes XEL w/ prob. 273

Theorem
Gven RP/BPP algo) ot can gell exvor erdb o w/

o OL\Og(‘/im‘S'qé\'o( Wworesse (wrm\ng Tiwne
. O(\O%L\/im oddimonol random bi¥s

conader BP (ecded weond
call vefo 3" “bod S “\3°
mokes excof W/ V (a adom b
let B=%{bad v%
QXYCA'\O\Q\’ mme\ ¥\ coaon

Sonls 195 @ifice random

wollk 18 \n B



H ] L |e,V?J i ole,a w&Pa M\S'yue’s o Yondow. polytime olgo Y, on el X:
« make conglant dearee * Take yandom walk ° Wse each v.os Condom | 15 Xl decides xel wl conglodt peck,
expand e G=(V,E Vv N ™ bk S‘ . _“‘ . * & x¢l, olways decdes AL
w/ V= {o 13‘“ w 76{0.1.‘5 y VS Joc¢ \ \nstomce, (BP\?)S ;“m,'s o Yondom. polytime A%o hel, on el x:
* S 4L, decides X¢L w/ prob. >4

Theorem
Given RP/BPP algo, ore can et exror peob °w/
. OL\og(‘/sﬁ'S—o\C\'o( norease n mm\ng Yiwe

. O(\og(vim oddifional randow bits

{Lemmo

G re.gv«\ow, wnohcecled w/ sPe.c'SvA 3;9 11
Bcv, m=I168\/IVi

ra'\dom WQ\\< \l\' 5l | \,“ (V‘ wm raw\e\awb

COT\S‘\AQ( RP (one-sided eccor)

X
_ N\ vefo 3" “bod & algo
F{ [v‘l 4" V“ 661 é (\ - (\ M\v) :::‘)k% eccoc w/ v (.s:ma:ﬁm
let B=%{bad v%
Qx?ano\e.\’ o.mp\ W\ eaon
Sonls 155 @ifice candom
wolkk s n B



: : RP 1§ therds o condowm. polytime olgo Y, on el X:
H ] L leVd 'de‘q (ondomized peyromi ime)

) L } L w/ 'kox'\' ('oB_
« make conglanf degree * "’ake ramo\om wq‘k * WSe eQC}\ Vi a8 Candom v xel, decides xe con3VoRt p

& XEL, Q\wo\\l,s decdes AEL

expand e &: W, Vy,~ NVt €{oAX" biYs $oc th wdtance BPP i there’s o vondom. potme olgo Hhal, on inpal x:
vl V= {0'13 w/ t= OL\Og(VQ) 05 G\So e s xel, decides XeL wl prod 2%3
* 1§ x4L, decdes EL w/ prob. 273
Theotem

Given RP/BPP algo, ore can et exror peob o w/
. O(\og(‘/sﬁ‘gqé\'o\’ Wmerease (wm\ng tiwme

. O(\O%L\/im oddifional randow bits

Lemmo exponder Creonds
G (e,gv;\w(, wndicecled w/ s?e.c'Sfa& PP V=\-¢

{‘omo\om Wd\k \’\. ", Vx (V‘ Wil vandom)
3: V% [ol 1—3' M= E[SLV\‘S (w/ veV wnS. Yandown)

Sc‘ e ( 1 consider BP? (fwo-sided ecto)
O \ N vefo 3" “bod i$ algo
ﬁ ' ' :::k% efcof W/ V (s \'w\domgb'\'\'Q

let B=%bad v%

,\,E\ L L (Sor exawple)
N 3

P | é‘fLVD ~mlzep 8\ < o et* (exe "@) g

Candom Wollk 18 \n B
~ e ek(e-8)




G cequa RP 1§ theres o vondom. pelylime. algs ek, on nea¥ x:
eguiat w/ spec opp T

Pf OOS'

S ‘X(:LI decides Xel wl congladt ?\"OB_
S»: \I.» tol 1‘3' M: E[%LVX‘X 1\ XEL, Q\\NO\\I,S decdes AEL
% ﬁ € (O, 1} (WB‘?PJSMS o Yondom. 90\\,‘\"m o\%o thal, on Wnpd¥ x:
! * 1§ xel, decides XKel wl prod 2%3

* 1§ x4L, decdes EL w/ prob. 273
Theorem

P[S‘(VD * P *S LV r) Z 2] Given RP/BPP algo, ore can %c\' ercor oo 0w/

. OL\Gg(‘/ﬁm‘S'qé\'o( woerease n (wm\ng Tivme

. O(\ogt‘/zm odditional rondow bifs
¢ E[o(5trm3sha| 12 AR

Let F=di o%( RGPS

) )

C.\ ohn E [ e‘\’(&(s:a\w’: ‘SL\Q)]_-_- —\6 <1L, F(RﬂkﬂD

COT\S.\AQ( BP? (fwo-s\ded eccof)

call vefo 3" “bad S

algo
ﬂ- mokes ercor w/ V (« mamgu«g
FRE -‘-'EE\’m\:e. o Step, collecV QSU)] et B={bad v}

B, L
=3

\"2 expander amg)icstion
(FR\ % = E[,TQ\‘Q \4 ;&es' colect e&(ﬂ en AW KQP] Soids 55 ¥ \eadt hal§ o

(Sor examg\e)

Candom Wollk 18 \n B

F (V\FB"'J{ ERYFL = el ) 1



$:V>To,1), m=E[5t)) RPf therds o tondom. polyTime. olgs 4hat, on ingal x:

P[S’(VD“M *’S‘ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

& XEL, Q\wqxls decdes AEL

WBPPJSMS o Vondom. pohitime o\go thal, on wnput x:
< Ef o Y5t~ +scvm] oA s e ey

* 1§ x4L, decdes XEL w/ prob. 273
Theorem

) V) Gwen RP/BPP q\gs) O Can oet ervor gcdd O w/
L e:r F: A \ Qé( Q.“' S.( D' a-f', e‘*stvvb) °Wgﬁ\og(‘/$ﬁ‘§'qé\';( '\v\c.(easé ‘\\\e :“hn\ng( Yime :

V E [ Hotar= &Lv,m]: Jﬁ < F(Rﬂk 1>

Ly R= T(tem) 4R w/ WRWL\-T =€

down: IF2R F%2|< e’
consider BPP it weod

\ r_ v =Y (Y Eiy- -
<A, F ‘2 R F2xy = <¥*x,R(F 207 ;:“:Lg%ﬁd/jm%

Bl L ..
Z -N/\_3 Sot exawgle)

)
é Q “ F /z'%" expander amlicaton

Sonls 55 oY \east hal¥ o
z Candom Wollk 18 \n B

. O(\og("im oddifional randow bits




$:V>To4), m=E[S)) RP 1 therds o fondom. polyfime. olgs Shat, on inga¥ x:

P[S’(VD“M *S’ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

* & x¢L, olways decdes AEL
BPP 15 there's o vomdom potme algo thal, on npaX x:
[Bcerostasaiin ’ ) ’
-<_ E[ QT(S(V\)+* *chp\) "Ta' * S xel, decides Xel wl pro® 2%3
e * 1§ x4L, decdes EL w/ prob. 273
Theotem

*ﬁv 3 Given RP/BPP algo, ore can %z‘\' ercor oo 0w/
e n . OL\cg(‘/sﬁ‘S'qé\'o( Werease “wnning Yime

et = o\'\o%( J 5(\0' -

v E[ Rt &Lv,m]: _\ﬁ A, F(Rﬂk 1>
Ly R= T(tem) 4R w/ WRWL\-T =€
¢ IF2R Fe) < ee

. O(\O%L\/im oddifional randow bits

COT\S.\AQ( BP? (fwo-s\ded eccoc)

c’\a’\m: \\ Fyz (1@1} sz “ éﬂE[Q:\’S&)] cal veio S “bod” i lge

mk% efcof W/ V  (as vox

let B=1bad v%

Fe(lef’ = (FPeDe ) o

Sonls 55 oY \east haly o
Candom Wollk s \n B

| Tedlf= <4, 717 = wE[S]



$:V>T0,1), m=E[StN) RP 1§ therds o vondom. polytime. algo $hat. on ngd x:

P[S‘(VD“M *’S’LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

1§ x¢l, olways decdes A¢L
(WB?PJSMS o Yondom. polifime olao thal, on wnpul x:

< E[ Q“(S‘V\}\'* | S’L‘lp\3] e-v'\'a- s wel, decides el wl weeb 273

* 1§ x4L, decdes EL w/ prob. 273

Theotem
. ."9(\’ Given RP/BPP algo, ore can %e,‘\' ercor oo 0w/
Le'r F: A \O\ ( Q D o e‘*st\,“3 . O(\Og(‘/im‘%qé\'o( weresse (mnn\ng Tiwe
é ) ) : O(\O%L‘/aﬂ odditional random bits

< E [ Rt &Lv,mlz Jﬁ < F(RF)\( 1>
Lex R;%(ﬂwl) IR w/ WRN&L\-T =€
C IF2R %< e’

consider BPP it eccod

¢ WP2 (4D F2 ¢ nE[e™] v " s e

let B=1%bad v%

IFARPeNe B npe (oD FRIHIPE R P LD

-e?( é \N qrme\am wolkk s in B

11 E[Qw)} F eo'€ erterte )
ST 56 et SO TS G 1€ 8 Tnd )



2
€xTerte ¥ - W Tpxt)  Y=¢
€Y €1 x (ralirguyr €1
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$:V>Toa), meE[W] BP 1 Bhercs o tondom. pdyfime. algehat, on gt x

P[S(VD*M *&LV‘) Z )-] | : '% xel, decides Xel wl congtodt prob.

& x¢l, olways ays decdes XEL
BPP 5'\'\.«:, Yandom. potime o‘% thaY, Rt X
S E[ QT(SLV\)‘-* -"S{VF\3 -Ta \§ el, decides Xel wl prod 2 /3
S x4L, deides x¢L w/ prob. 2
Theotem

. ."S'(V Given RP/BPP algo, ore can %e,‘\' ercor oo 0w/
Le'r F = A \O\ ( ) *5(\,“3) . O(\Og(‘/sﬂ‘gqé\'o( merease (mnn\ng e
é ' . O(\O%L\/im oddifional randow bits

N4 E[ (St stv,m]- .\. 1 F(RF)kﬂJ

Ler R=T(181) 4R w/ WRN&\-B=€
\¥OLe) x=¢

CNF2RF2) <€ el -
vV NF2 (4®1) sz | £ E e:\'s(’h] si\.\-‘; )35@] Z{»C\:\; ,433?5, b

ﬁ \*1t let B=$bad v%

\B\ \ (Sor examgle)

v \F2RER\< (’\'ﬁ")(ﬁ'ﬂb & e

me\ﬁ caton

‘:\sS‘:cx\\mTh\% or
o\m\mW\k

1 (1,(3(_\{?\ 15 = (F 4 (F \:y‘i Fvcjyy&zi:

<} IFha S - BB




$:V>To 1), m=E[5tN) RP 1§ therds o vondom. polytime. algo $hat. on ngd x:

P[S’(\’D"”“ *’S’ LV‘) Z ;] + & %€L, decides Kel wl condioit prok,

* 1§ x¢L, olways decdes AEL

WB‘?FJSMS o Yondom. pohifime olgo Hhal, on topa¥ x:
< E [ T(S(v\)‘\-* -"S{'VF\) "TR | * S 7:eL, decides Xel wl prco 2%3
= Q e * 1§ %L, deddes XEL w/ prob. 273

Theotem

Given RP/BPP algo, ore can gt excor gech o w/
Le:\’ F: A.\ Qé( Q.o" S’(VD' ”, e“\’ﬂ\’n}) . O(\OS(‘/Q\'S—AC\'L( nerease (mhn\ng Yome

V E [ ot &Lv,m]: ,\ﬁ < F(Rﬂk 1>
VANFRRERNS o (Tt

=<4, FRELY (O(e)) e,k(\mz()“*@

. O(\O%C/im oddifional randow bits

consider BPP Guowit eceod
call \teio,ﬁm “ood a\go

“\Ok% efcoc W/ V  (as vondom bits)

‘73 - (/\Af g;t)\‘% ) et B={bao\(v15

J%\\ é_ '\g Sot Q)(m-?\z)

E[ o T (5tor~ +$Lvm} -T2 ke

Sols 195 oY \east haly o
Candom wollk 18 \n B
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(WBME M\S'ﬁuefs o Tonmdown. \:o\\f“w\e, Q\%g WX, on Wl X:

S ‘X(:L, decrides Xel wl conglant ?('OB_
& XEL, Q\wo\\l.s decdes AEL

(WB\?PJSMS o Yondom. polytime Q\%o thal, on Wnpa¥ x:
* S xel, decides Xel wl prod 2%3

* 1§ x4L, decdes EL w/ prob. 273
Theorem

Gven RP/BPP algo) one can gell exvor erdb o w/
. OL\og(‘/sﬁ‘S'qé\'o( werense rwoning Fime

. O(\O%L\/im oddifional randow bits

consider B?? (fwo-sided eccod)
call Vei(’),ﬁm “bod a\a_o
Mmokes efcoe W/ V (s candom b
let B= { bad V15

B, L

™M= 3
Ex?aw\e\' mme\'\%'\c&('\on
Sonls 55 oY \east haly o
Candom \Na\k S \n B

(Sor examg\e)



: : RP 1 therds o condow. polytime olgo WY, on el X:
H ] L leVd 'de‘q (ondomized peyromi fime)

) L ) L w/ 'kox‘\' (‘oB_
« make conglanf degree ° "’ake ramdom wq‘k * WSe eQC}\ Vv, a8 Candom W xel, decdes xe condloit p

1\ XEL, Q\woq,s decdes AEL

expand e &: W, Vy,~ NVt €{oAX" biYs $oc th wdtance BPP i there’s o vondom. poftme olgo Hhal, on inpal x:
vl V= {0'13 w/ Y= OL\Og(VQ) 05 G\go e (s xel, decides XeL wl prod 2%3
* 1§ x4L, decdes EL w/ prob. 273
Theotem

Gven RP/BPP algo) ot can gell exvor erdb o w/
. O(\og(‘/sﬁ‘%qé\'o\’ nerease W “wnning Yime

. O(\O%L\/im oddifional randow bits

‘/LC\MW\O\ : expon dex Onerno®S
G (e,gv;\w(, wnohcecled w/ ngc‘SrA o0 v=\-¢

fGV\O\Om WQ\\< \l\' *, \I‘\' (v‘ Wil vandom)
S': V» to’ 1—3’ M= E[&(V\‘X (w/ veV wnS. Yandowm)

S e (O 1\ consider BPP il eeod

N vefo 3" “bod” 1§ algo

“ ﬁ ' ' ::lk% efcof¢ W/ V (a \'w\domgki\‘\@
let B=1bad v%

_\E\ 4 ‘L (80( exm.v\e\
N~ 3

21t %*LVD ~mlzep 8\ < o et¥ (exe "@) g

Candom Wollk 18 \n B
~ e ek(e-8)




T\ (em RP W& Theres o Tondow. po\\i\'\me, Q\%B WX, on '\“Q\Z\' X

S ‘XELI decides XeL wl conZtoat ?(‘O'o,
* & x¢L, olways decdes AEL

Gven RP/BPP a\go, one can gt exvor geob o w/

. O(\og(‘lsﬂ - Fadlor werease n Cwnning Yivne BPP i5 fharc’s o rondom. politme. clap Hhet, on iepatx:
. O(\o%(\léﬂ oddifional random bi¥s : {‘; X(;IZ Aﬁc;es x:ll: w// ?r: 333
° V¥ X¢L, decrdes X wil proe. Z ‘3

00000000

H '31‘ l QVQ’ | ole,q “expondes amphicstion”

« make conglant degree
QXPQV\dQC G:LV,
w/ V= {02%"

‘ Take. random walk
Vi, Nt € {,0,115'“
w/ = O(\og(v 5\)

- wse each v: as fandom
biYs Soc th wdonce
OS 0&\ 59



T\'\Q,O(Q,\Y\ (MBME de\j'm\ﬂyues a Condowm. pelytime o.\%o Y, on el x:

S ‘X&L, decides XeL wl conZtoat ?(‘O'o,
* & XL, olways decdes AEL

Given RP/BPP alao, one can 9el ervor roh o w/

° OL\OS(\/$)3 - 5’0\30(' ey ease \\\\ (\M\n‘\ﬂg '\'\W\E— (g?‘?ﬁ '3'\\«'(_'5 o Yondom. poltime o\%o thal, on wprl x:
oo R . . 2
. O(\O%L\laﬂ oddifional random bits i ;ZLL' dau fi% ;(:ll__ wll ?r:: i’f
° , decdes wl prob. 2
00000000

ROO000 |

H lal\ IQVQJ i ole,q “expondes amphicstion”
expandec G=(V,

vl V= fo1¥" /‘.‘\

o, S U ARSI

we khcvl e PO‘N!I\Y\%_“' Z\y zaQ
=7 coms\, <et QX?Q\‘V.‘)Q(‘ wl 99\1 (\\\ ve.ﬁic.es

: we heed QXP(VD verTices!

bi TS TUUC T VI WISTONLE T - g~~~ -~ SAAngaRss - - - E

e make conglant de gree

OS 0\\ So




| N be constont de.%fe.e. prcmokr
w/ o\e,gre.e, d, A% vertices, ¥z7/3

G,= H* v gcaph tensor producy
.7
Z\g' Z_QB ?"OA“Q‘X




Pow Q(\wa_

2 T3 2

3

2 2 2
2

G G G?

G°= agogh wl oo edge Sor every K Sep walk in G
(w/ cepetition)
Fondom walk R Yus eigenvalues 3, MY ) ) I
W= \-0-3Y O

deg(e.e. nefeases  com A Yo A\ ',‘\



Zin-zo o al Z((a \’D
3“3 b )
let G be c}’re%u\o\(‘ %ﬂ O\)‘

H be o\c're.%u\oxc w/ d veffiees

veiices: VXN = 1 () ueN, veVys

edges: Soc (v, \DENXN Y, ¥ k€D \:
‘\’\\Q. (\(\,k:}*\\ V\e.\g\\‘(?o( DS' (V\,.\b S (Vz,.‘c-\\ wheve.:
\

5
) Loy ()8 () (1) 1, (0
1] ) ciy \ 19 19 13 -~ 14
k\ kz

where:
a) is a step in H from 4, to its kith neighbor, 5.
b) moves v; to the isth outgoing neighbor of vy, vs.
¢) moves from s to i3 where vy is the izth neighbor of vs.
d) moves i3 to its koth neighbor in H.

. (
°
-
.

(<o Z(G,P) s d:‘regm\mﬂ



Zig 209 produd Z(G W)
let G be C)\’Q%_\A\o.f
H be o\o“(e,gu\oxc w/ d veflices
vertices: \IGK\I\_\= 1 (u,v): ue\lb,ve\l“-'s

e.dae,s: Soc (v, \NeNXNe, ¥ kDo)
The (k\,k:)'\\\ m'\%\\\oof o> (V\,'\D ) (V-L,‘\\-D wheve:

Lemma: Z(GIW) hos I el il il

e (a)is a step in H from iy to its kyth neighbor, 5.

)
 (b) moves v; to the isth outgoing neighbor of vy, vs.

(
°nA vechees e i
2
- a eqree A
2
* special qop 4, 0y

(so Z(G,WM) is d-;"\’egv\\o\(‘3



\& W be consont de.%fe.e. prcmokr
w/ o\e,gre.e, d, A% vertices, ¥z7/3

G,= H* v gcaph tensor producy
.7
Z\g' 2_053 ?"OA“Q‘X




Te\\so( ?(oc)& wals
Sor AT ReR,
A®R & o \\neac Ynap on W\m“ deSned 57

(A®R)C= ACB  Sor CeR™"
spetial tse:
(P®R) ked) = (ANSRA) R, de®’
Fod: A®R hos eigenvalues ApAg where

lﬁ 1S on e.iaemla\mg o7 A,
e B




Tensor produdt I®R
Nxd :
I®R\.\ v o lnear wop on ® ) IS wned 5‘/

((ZORNON), = Ry¥y ReR™

whece  Xy= v row o5 XK,

Fact I®(AYR) = I®A + I®Q



(xop\'s Tenso(
le¥  G=(\E), G=0v,E)
G® G, = (VxV,, EXED
\[‘x\lz: {(\I"\[’) : \I\Q\’\' “7_&'\1215
E\XEQ_: i ((“\;“2)1 (v, v)Y: (—U\:Vae &, (ugyvy) C"E;S

S R = fandom walk Soc G

Rlz — 37— —e P (’L

Thea R ®R, = candom walk Soc GG,



\& W be constant d&e.%fe.e. expande
w/ degree d, A? vertices, Vz7/3

G,= H*
(J.\..“ - Z ((.().\.® CJ-S-\ \’D

EC;kz grogh wl edge Soc every k gep walk E
: (w/ reed\ﬂwh i
R (CaTEER o\

Edegrze. wefeases  Stom A to A

Lemma: Z(G\W) hos!
%""*?\" G 06®6 (6O6Y ZUGOETIN)  -rd vectees =
- o\egcee, Ly :
+ speccal gop 30‘6\?; i

Veﬁ.\as " .

E p X FMA@B has e.'\a_envo\ues 7\A>\6E

de'g( d vl Ap s on eigenvalue = A,
1 1 e B

L



22 =



(mBmE pu\.\)\?ma\hytrels @ rN\dUW\ Pb\\i‘\me' Q\%D -“\(i\. on -\V\?\R\' xX.

° 1§ %el, decides Xel wl cond¥odt prob.
* & x¢L, olways decdes AEL

<W§§fz!:ﬁ:?‘j?w‘m's a Vondom. 90\1‘\"m o\%o thal, on Wnpat x:
* § xel, decides XelL wl proo 2%
* 1S x4L, decdes gL w/ prob. 23

Theorem

Gwen RP/BPP 4\3.0, One Can ée.‘\' eccoc ecob O w/
c OC\og(‘/ M- Fadtor wmerease n Cunning Tne

. O(\o%(vﬁﬂ oddiional random bits

deos?



T\ (em RP W& Theres o Tondow. po\\i\'\me, Q\%o WX, on '\“Q\Z\' X

S ‘)(6'—, decides XeL wl conZtoat ?(‘O'o,
° & x¢L, os\wa\\[s decdes AEL

Given RP/BPP alao, one can 9el ervor roh o w/

. O(\og(‘lsﬂ - Fadlor werease n Cwnning e BPP i5 fharc’s o rondom. politme. clap Hhet, o iepatx:
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